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Abstract
In this paper, a non-Markovian version of the Gross–Pitaevskii equation is proposed 
to describe the condensate formation in an exciton–polariton system subject to inco-
herent pumping. By introducing spatially delta-correlated noise terms, we observe 
a transition from a spatially ordered phase to a disordered one with simultaneous 
density reduction as the temperature increases. Above the transition temperature, the 
uniform condensate breaks up into multiple irregularly located separate dense spots. 
Using the Gabor transform, we demonstrate condensate decoherence with increas-
ing temperature, which is accompanied by the transition from narrow-band to broad-
band spectral density.

Keywords Non-Markovian dynamics · Exciton–polaritons · Bose–Einstein 
condensation · Optical coherence

1 Introduction

Open quantum systems attract much interest in recent years, which is largely due to 
the rapid development of quantum computing technologies. A common approach for 
studying such systems is the Markov approximation based on the Lindblad equation 
for the density matrix or the stochastic Schrödinger equation [1, 2].
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When dealing with a condensate of quasiparticles, we can consider it as an open 
quantum system coupled with a reservoir of non-condensed particles. For a theo-
retical description, the stochastic Gross–Pitaevskii equation can be used [3, 4]. How-
ever, in up-to-date experiments, the reservoir may have a relatively low temperature 
as well as a narrow energy spectrum. This makes Markovian approximation invalid 
for such systems. Non-Markovian evolution infers the existence of memory effects 
in the system. The corresponding evolution equation is an integro-differential one 
with time non-local terms [5]. For instance, Nakajima–Zwanzig [6, 7] equation 
or non-Markovian version of the Lindblad equation [8, 9] is used for the density 
matrix. Though the non-Markovian Schrödinger equation for non-interacting parti-
cles was first introduced in [10], generalizing it for systems with interparticle inter-
action is still a challenge. Significant progress has been made in [11], where, using 
the Keldysh diagram technique, a system of non-Markovian equations for an exci-
ton–polariton Bose–Einstein condensate in a Fabry–Perot optical microresonator 
has been derived.

An exciton–polariton is a bound state of an exciton and a photon, with its lifetime 
being significantly affected by the quality factor of the optical microresonator. Con-
densation arises as a result of polariton thermalization stimulated by laser pump-
ing. Exciton polaritons are attractive for technological applications largely because 
of the prospects for their use in quantum computing applications [12], as well as in 
the context of the polariton laser [13]. In addition, polariton condensate is an excel-
lent playground for observing macroscopic quantum phenomena [14, 15] as well as 
studying phase transitions. Namely, formation of spatial patterns [16, 17] and deco-
herence mechanisms [18] are subjects of increasing interest.

In [11], it was assumed that the condensate corresponds to a macroscopically pop-
ulated state with zero momentum. Therefore, the resulting system of equations may 
be treated as a discrete non-Markovian Gross–Pitaevskii equation. Unfortunately, 
a rigorous derivation of a similar Gross–Pitaevskii equation with spatial dynamics 
taken into account remains challenging. However, as a reasonable approximation, 
we may extrapolate the evolution equation from [11] on a small neighbourhood of 
zero-momentum state. This approach corresponds to considering a smoothly vary-
ing spatial profile of the macroscopic wave function of the condensate. Under this 
assumption, one can derive a non-Markovian version of the Gross–Pitaevskii equa-
tion for the exciton–polariton condensate.

The paper is organized as follows. In the next section, we introduce the non-
Markovian stochastic Gross–Pitaevskii equation. The process of condensate forma-
tion is studied in Sect. 3 by means of numerical simulation, which is followed by 
a statistical analysis in Sect.  4. In the last section, we summarize and discuss the 
obtained results.

2  Non‑Markovian Stochastic Gross–Pitaevskii Equation

When dealing with exciton–polariton condensation, one may usually neglect the 
population of the upper spectral branch (upper polariton states) [19]. It leads to the 
following form of the Gross–Pitaevskii equation:
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where Ĥ0 is a unitary operator including kinetic and potential energies, and energy 
corrections due to interparticle interactions,

Here m∗ denotes for the effective polariton mass, which is approximately 10−5
–10−4 me , V(r) is the external potential, �c is the interaction constant for condensate 
polaritons, �r describes condensate–reservoir interaction and �r(r, t) is the exciton 
reservoir density. The function Pcoh(r, t) in (1) describes coherent laser pumping of 
microresonator photons.

Non-Hermitian operators D̂cav and D̂ex correspond to interactions with the photon 
and exciton reservoirs, respectively. Hereafter, we assume that the interaction with 
the photon reservoir is Markovian. This assumption leads to

Using the truncated Wigner approximation, one can derive the following expression 
for the auto-correlation function:

with Δx and Δy being the grid cell sizes.
The non-Markovian behaviour of the system is mainly associated with the inter-

action with the exciton reservoir. Considering only the low-momentum states as a 
condensate, we can use the following approximation:

i.e. treat the retarded self-energy term ΣR(t, t�) as a spatially homogeneous one. We 
use expressions derived in [11]

with �(t) being the Heaviside function, �ex is the condensate exciton decay rate. The 
corresponding expression for the Keldysh component of the self-energy term is as 
follows:

(1)i�
𝜕𝜓(r, t)

𝜕t
= Ĥ0𝜓(r, t) + Pcoh(r, t) + D̂cav𝜓(r, t) + D̂ex𝜓(r, t),

(2)Ĥ0 = −
�2

2m∗
∇2 + V(r) + 𝛼c|𝜓(r, t)|2 + 𝛼r𝜌r(r, t).

(3)D̂cav𝜓 = −i𝛾cav𝜓 + 𝜂cav(r, t).

(4)⟨�∗
cav
(r, t)�cav(�

�, t�)⟩ =
�cav

ΔxΔy
�(r − �

�)�(t − t�),

(5)D̂ex𝜓(r) ≃ �

t

∫
0

dt�ΣR(t, t�)𝜓(r, t�) + 𝜂ex(r, t),

(6)ΣR(t, t�) = i
�2
r
�2
c

ℏ2

e−�ex(t−t
�)

1 +
[
kBT

ℏ
(t − t�)

]2 �(t − t�),
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This expression defines the temporal auto-correlation function of exciton 
fluctuations:

When modelling the spatial structure of exciton fluctuations, we utilize above a sim-
ple approximation, considering them as delta-correlated. Condensate formation with 
spatially correlated noise was studied in [20]. Thus, equation (1) takes the form

In our model, exciton reservoir density evolves as described by the equation

where the term Pincoh(r, t) describes the incoherent pumping of the reservoir, and �exR 
is the reservoir exciton decay rate. The third term on the right-hand side describes 
polariton exchange between the condensate and the reservoir due to fluctuations.

In [21], we have demonstrated that at low temperatures, an exponential approxima-
tion can be used both for (6) and (7):

Moreover, for low temperatures, �eff is linearly dependent on temperature [20]. In 
this case, the auto-correlation function (8) corresponds to the complex-valued sto-
chastic Ornstein–Uhlenbeck process, when �̃�(r, t) is the solution of the following 
Langevin equation:

Here �(r, t) is a complex white noise with unit variance,

(7)ΣK(t, t�) = −i
�2
r
�2
c

ℏ2

e−�ex|t−t
�|

1 +
[
kBT

ℏ
(t − t�)

]2 .

(8)⟨�∗(r, t)�(��, t�)⟩ = iℏ2 �(r, �
�)

ΔxΔy
ΣK(t, t�).

(9)

i�
𝜕𝜓(r, t)

𝜕t
= Ĥ0𝜓(r, t) −

i�𝛾cav

2
𝜓(r, t) + Pcoh(r, t)

+ 𝜂cav(r, t) + 𝜂ex(r, t) + �

t

∫
0

dt�ΣR(t, t�)𝜓(r, t�)

(10)

��(r, t)

�t
=

1

ℏ
Pincoh(r, t)−�exR�(r, t)−

2

ℏ
Im

[
�∗(r, t)�(r, t)

]
−

− 2Im

[
�∗(r, t�)∫ dt�ΣR(t, t�)�(r, t�)

]
,

(11)ΣR(t, t�) ≃ i
�2
r
�2
c

ℏ2
e−�eff(t−t

�)�(t − t�),

(12)ΣK(t, t�) ≃ −i
�2
r
�2
c

ℏ2
e−�eff|t−t

�|.

(13)
d�̃�(r, t)

dt
= −𝛾eff�̃�(r, t) +

√
2𝛾eff𝜉(r, t).
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The exponential form of the memory kernel in (9) allows introducing an auxiliary 
wave function � to transform the equation into an equivalent Markov equation:

where �0(r) = �(r, t = 0) . This technique is known as Markov embedding [5, 22]. 
The equations (9) and (10) are now expressed as follows:

These equations have to be supplemented with the evolution equation for the auxil-
iary wave function �:

3  Numerical Simulation

In the present paper, the system of equations (17–18) is used to study condensate for-
mation in a polariton gas exposed to incoherent pumping, i.e. in the absence of direct 
coherent photon pumping into the microcavity, Pcoh = 0 . We consider the case of con-
stant pumping:

with the function w(r) defining the spot profile

We place the pump spot centre at the origin, �c = 0 . The value �0 represents the 
maximum reservoir density in the equilibrium state. A value �0 = 0.5 × 1012 cm−2 
is utilized for numerical simulations of this section. The parameter �r = 20 �m 

(14)⟨�∗(r, t)�(��, t�)⟩ = �(t − t�)�(r − �
�).

(15)�(r, t) = �0(r)e
−�efft +

t

∫
0

dt�e−�eff(t−t
�)�(r, t�),

(16)
i�
𝜕𝜓(r, t)

𝜕t
= Ĥ0𝜓(r, t) −
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2
𝜓(r, t) + Pcoh(r, t) + 𝜂(r, t)+

+ i
𝛼2
c
𝜌2
r
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�𝛾eff

[
𝜙(r, t) − 𝜓0(r)e
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]
,

(17)

��r(r, t)

�t
=

1

ℏ
Pincoh(r) − �exR�r(r, t) −

2

ℏ
Im{�∗(r, t)�(r, t)}−

− 2
�2
c
�2
r
(r, t)

ℏ2
Re

{
�∗(r, t)

[
�(r, t) − �0(r)e

−�efft
]}
.

(18)
��(r, t)

�t
= �eff[�(r, t) − �(r, t)].

(19)Pincoh(r) = �exR�0w(r),

(20)w(r) = exp

[
−

(
r − �c

�r

)2
]
.
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sets the size of the pump spot. The values of �cav , �ex and �exR are all determined 
by the corresponding lifetimes: �cav = 1∕�cav = 3.8  ps, �ex = 1∕�ex = 1  ns and 
�exR = 1∕�exR = 10 ps. The interexciton interaction constant �c is set to 6 ⋅ 10−14 eV⋅

cm2 , the size of the grid cell Δx = Δy = 0.5 �m . We consider the case of zero initial 
conditions

i.e. photon and exciton fluctuations play the role of the “seeds” for condensate 
nucleation.

In this case, the condensate formation develops a process of self-organization 
along with the gradual increase in condensate healing length. It is reasonable to 
assume that the dynamic memory in the Gross–Pitaevskii equation should contrib-
ute to this process. Since memory time is determined by the reservoir temperature, 
we expect significant influence of the latter on the dynamics of the system.

Numerical simulation results validate the latter assumption.
Figure  1 shows condensate density distributions for different temperatures 

and individual realizations of �cav(r, t) and �ex(r, t) . All the cases correspond to 
t = 130 ps. By this time, all transients have finished, and the system reaches a quasi-
equilibrium state.

As the data presented in Fig. 1 implies, the structure of this state is qualitatively 
different for various temperatures. At 5 and 20 K, the condensate occupies a broad 

(21)�(t = 0) = �(t = 0) = �r(t = 0) = 0,
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Fig. 1  Spatial distribution of condensate density at time t = 130 ps. Temperature values: a 5 K, b 20 K, c 
35 K and d 50 K. All data presented correspond to a single realization of the fluctuation field
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region, with the spatial density distribution roughly reproducing the intensity distri-
bution in the incoherent pump beam. At 35 and 50 K, however, we observe the con-
densate individual irregular-shaped spots of condensate. This indicates that dynamic 
memory duration, which increases with decreasing temperature, plays a significant 
role in establishing the spatial correlations of the condensate.

The phenomenon of condensate fragmentation with increasing temperature was 
previously discussed in [20] for the case of spatially correlated fluctuations. Results 
of the present study with spatially uncorrelated fluctuations suggest that temporal 
correlations play a more important role in fragmentation of condensate.

Destruction of spatial correlations of the condensate with increasing temperature 
is more clearly demonstrated in Fig. 2, which depicts spatial condensate phase dis-
tributions for the same realizations as in Fig. 1. At T = 5 K, the constant phase lines 
arrange as concentric rings, somewhat distorted due to the presence of several sin-
gular points at the periphery, which correspond to vortex cores. Such a phase config-
uration indicates the presence of matter waves being emitted from the pump region 
with a regular wave front shape. At T = 20 K, the wave front undergoes significant 
spatial distortions due to the influence of spatial condensate fluctuations. With a fur-
ther increase in temperature, the contribution of fluctuations increases, which leads 
eventually to the destruction of the ring phase configuration. At T = 35  K, traces 
of phase coherence are preserved only for individual condensate fragments, and at 
T = 50 K, they almost completely disappear.
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Fig. 2  Spatial distribution of the condensate phase absolute value at time t = 130 ps. The temperature 
values are as follows: a 5 K, b 20 K, c 35 K and d 50 K. All data presented correspond to a single reali-
zation of the fluctuation field
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The behaviour of individual statistical realizations sheds light on the qualitative 
dependence of the condensate dynamics on the temperature, though statistical mod-
elling is yet necessary.

4  Statistical Properties

4.1  Density Distribution

Foremost, we are interested in density distribution over the pumping spot, that’s why 
we use the following definition for it:

where the function f (r) picks out the regions of the pump spot with the highest 
density,

As a statistical characteristic of density distribution, we use the scintillation index, 
which is defined as follows:

The time dependence of �̄� and scintillation index are presented in Fig. 3.
Foremost, we note that the low-temperature phase-ordered states (5 K and 20 K) 

demonstrate significantly higher densities and very weak spatial fluctuations. The 
sharp decrease in density that occurs with increasing temperature is accompanied 
by enhancement of fluctuations: We observe a pattern corresponding to the Berez-
inskii–Kosterlitz–Thouless(BKT) phase transition. At temperature T = 35  K, the 
condensate exists in the form of separate spots of high density on a turbulent back-
ground. This leads to high values of scintillation index, SI ≃ 2 . At T = 50  K, the 
contribution of such spots significantly decreases. As a consequence, the scintil-
lation index approaches unity, which corresponds to the statistical saturation [23]. 
Also note that even after the condensate density stabilizes, it continues to exhibit 
slow oscillations. This may be due to the so-called relaxation oscillations [21, 
24–26].

The transition of the condensate to a quasi-equilibrium regime with constant or 
slowly varying density corresponds to the onset of a balance between pumping from 
the reservoir and decay. The presence of such a balance may indicate the emergence 
of a state with PT (parity-time) symmetry [27]. In this case, the energy spectrum 
becomes real despite the non-Hermiticity of exciton–polaritons. The appearance of 
PT symmetry in a system with memory has been considered earlier in [28].

(22)�̄� =
1

𝜋r2
c
∫ drf (r)|𝜓(r)|2

(23)f (r) =

{
1, |r − rc| ≤ 𝜎,

0, |r − rc| > 𝜎.

(24)SI =
⟨�̄�2⟩
⟨�̄�⟩2

− 1.
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4.2  Quantifying Coherence

To trace how the coherent properties of the condensate evolve, we evaluate the fixed 
time first-order coherence function.

with �c(r, t) = |�(r, t)|2 being the condensate density. We use fixed r = 0 and aver-
age over the angular part of Δr to observe radial decrease in coherence. The results 
are demonstrated in Fig. 4 for various reservoir densities (i.e. pumping intensities) 
and fixed temperature T = 20 K.

Low-density system demonstrates negligible coherence (a). In panel (b), one may 
estimate coherence radii at various times, thus tracing coherence build-up. Plots (c) 
and (d) illustrate similar evolution, which implies saturation of coherence radius, which 
approaches the boundary of the pumping area. In this regime, we observe phase coher-
ence throughout the pumping spot.

(25)g(1)(Δr, t) =
�⟨�∗(� + ��∕�, t)�(� − ��∕�, t)⟩�
�√

�c(� + ��∕�, t)�c(� − ��∕�, t)
� ,

Fig. 3  Time dependencies of 
ensemble-averaged density �̄� 
(panel a) and the scintillation 
index (panel b) for different 
temperature values
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4.3  Spectral Properties

In order to study condensate decoherence with increasing temperature, one may trace 
changes in the spectrum during condensate formation. We studied the optical radiation 
of the condensate for this purpose.

To simplify the analysis, we eliminate spatial degrees of freedom by means of a 
weighted integration, with the weight function being given by the pumping profile:

To obtain the spectrum of the signal, we use the Gabor transform, which is a kind of 
the Fourier window transform with the Gaussian window:

(26)Ψeff(t) =
∫ drw(r)�(r, t)

∫ drw(r)
.

gW (�, t) = ∫
∞

−∞

dt�Ψeff(t
�)�W(�, t

� − t),

Fig. 4  Colour maps show the fixed time first-order correlation function (4) evolution for varying inten-
sity of incoherent pumping, quantified by the maximum reservoir density �

0
 . a �

0
= 0.2 × 1011 cm−2 , b 

�
0
= 0.1 × 1012 cm−2 , c �

0
= 0.5 × 1011 cm−2 and d �

0
= 2 × 1012 cm−2
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where �W(�, t) = RW(t) exp (2�i�t) and

The window is centred at t = t� , and W sets its size. By moving the centre of the 
window along the time axis, one may trace the time dependence of the frequency 
spectrum of Ψeff(t).

Figure 5 shows the spectral density of the signal averaged over 100 realizations. 
One may observe that at temperatures 5 K and 20 K, the condensate is concentrated 
in low-energy states within a narrow spectral band. The mean frequency of this band 
corresponds to the equilibrium chemical potential. Its increase with increasing tem-
perature is associated with enhancement of the condensate inhomogeneity and, as a 
consequence, higher contribution of kinetic energy.

At 35 K, the condensate spectrum is still given by a fairly narrow band, but the 
shape and intensity of this band changes with time. Comparing the evolution of the 
spectrum with the data presented in Fig. 3a, one may conclude that the decay is not 
completely compensated by pumping. This may be due to the metastability of con-
densate spots arising at 35 K.

(27)RW(t) =
1�

W
√
2�

exp

�
−

t2

4W2

�
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Fig. 5  Optical radiation spectrum of the condensate obtained using the Gabor transform. Temperature 
values: a 5 K, b 20 K, c 35 K and d 50 K
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5  Conclusion

Due to their low effective mass, exciton–polaritons are known as possible candi-
dates for creation of room temperature condensates, and study of temperature effects 
is very meaningful in this context. In the present paper, we have presented a non-
Markovian stochastic Gross–Pitaevskii model for the exciton–polariton Bose–Ein-
stein condensation. We used it to study the influence of the temperature on the con-
densate formation process in the absence of coherent pumping. The results obtained 
reveal the complex structure of the transition from the coherent to the disordered 
phase. In particular, one may note the appearance of dense condensate spots on the 
turbulent background, detected at 35 K. Due to the presence of these spots, the spec-
trum of the optical signal emitted by the condensate is a narrow-band one.

Further work in this field will be devoted to the improvement of the model used 
to describe the condensate and the reservoir. Another promising way is study of 
modulational instability of the condensate that could provide theoretical prediction 
of the fragmentation crossover observed in the present paper. Also, it is reasonable 
to study the impact of the coherent photonic pumping to test on stabilizing conden-
sate coherence.
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