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A R T I C L E I N F O A B S T R A C T

Communicated by S. Weng In this work, we examine the classical Burgers equation and investigate the effects of a random force on the wave 
field. Two scenarios are considered: the impact of a random force on different wave fields within the viscous 
Burgers equation and the effect of a periodic random force in the inviscid Burgers equation. For the first case, 
we demonstrate that the random force primarily causes wave fronts to increase or decrease depending on the 
dispersion parameter. For an initially deformed sinusoidal wave, the external force causes the mean wave field 
to spread out and dampen over time. The Cole-Hopf transformation is also used to obtain asymptotically the 
averaged wave field in certain regimes. For the inviscid problem, we assume the random force to be periodic 
with random phase to show that the mean wave field corresponds to the solution of the classical inviscid Burgers 
equation without external forces.
1. Introduction

The viscous Burguers equation in canonical form

𝜂𝑡 + 𝜂𝜂𝑥 − 𝜈𝜂𝑥𝑥 = 0, 𝑥 ∈ℝ, 𝑡 ∈ (0,∞), (1)

with intial condition

𝜂(𝑥,0) = 𝜂0(𝑥), 𝑥 ∈ℝ, (2)

is a well-known model that appears in various branches of nonlinear 
science, including hydrodynamics, nonlinear acoustics, traffic flow, gas 
dynamics, and turbulence [4,7,24,49]. Here, 𝜂(𝑥, 𝑡) represents the sur-

face wave elevation at position 𝑥 and time 𝑡. The coefficient 𝜈 > 0 mea-

sures the dissipation, which prevents wave breaking [49]. In the absence 
of viscosity (𝜈 = 0), it represents the dispersionless limit of significant 
equations in physics, such as the Korteweg-de Vries (KdV) equation, 
the Benjamin-Ono (BO) equation, the Whitham equation, and others 
[5,51,3,49,14,6,35]. Additionally, the model serves as a prototype for 
studying shock waves [4] which also appear in the study of plasma 
physics [1,34,36–39,45] and hydrodynamics [41,42,44]. Although the 
Burgers equation has been extensively studied in the literature, it contin-

* Corresponding author.

ues to be a subject of ongoing research in the field of nonlinear physics 
[32].

An important tool commonly used to solve equation (1) is the Cole-

Hopf transformation. This transformation converts problem (1) into the 
classical linear heat equation through the change of variables

𝜂 = −2𝜈
𝜑𝑥

𝜑
, (3)

where 𝜑 satisfies the heat equation

𝜑𝑡 = 𝜈𝜑𝑥𝑥. (4)

Therefore, the solution to this equation can be mapped to the solution 
of equation (1). While it is not always possible to obtain closed-form 
expressions for the solutions for all choices of 𝜑(𝑥, 0), there are cases 
where it is possible. For instance, through the Cole-Hopf transformation, 
it is possible to show that the traveling wave fronts in the form [4,24,49]

𝜂(𝑥, 𝑡) = 𝑐 −
𝜂+0 − 𝜂−0

2
tanh

[
𝜂+0 − 𝜂−0

4𝜈
(𝑥− 𝑐𝑡)

]
, (5)

are solutions to equation (1). Here, the initial data 𝜂0 satisfies 𝜂0(−∞) =
𝜂+0 , 𝜂0(+∞) = 𝜂−0 , and 𝜂′0 < 0, and the speed 𝑐 = (𝜂+0 − 𝜂−0 )∕2. Blowing 
Available online 22 October 2024
0375-9601/© 2024 Elsevier B.V. All rights are reserved, including those for text and

E-mail address: mvellosoflamarionvasconcellos@pucp.edu.pe (M.V. Flamarion).

https://doi.org/10.1016/j.physleta.2024.130000

Received 17 August 2024; Received in revised form 16 October 2024; Accepted 19 O
data mining, AI training, and similar technologies.

ctober 2024

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/pla
mailto:mvellosoflamarionvasconcellos@pucp.edu.pe
https://doi.org/10.1016/j.physleta.2024.130000
https://doi.org/10.1016/j.physleta.2024.130000
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physleta.2024.130000&domain=pdf


M.V. Flamarion, E. Pelinovsky and D.V. Makarov

up solutions in finite time can also be obtained through the Cole-Hopf 
transformation by taking

𝜑(𝑥, 𝑡) = exp(−𝜈𝑘2𝑡) cos(𝑘𝑥). (6)

Consequently, the corresponding solution to equation (1) is

𝑢(𝑥, 𝑡) = 2𝜈𝑘 tan(𝑘𝑥). (7)

Another interesting case involves negative viscosity, which leads to 
an increase in wave motion energy. This phenomenon has been exten-

sively studied across various fields, including electrodynamics, plasma 
physics, atmospheric science, ocean circulation theory, and open chan-

nel flow dynamics [26,28,30,33,43]. A particular solution is given by

𝜂(𝑥, 𝑡) =
𝑈0 exp(−𝜈𝑘2𝑡) sin(𝑘𝑥)

1 + 𝑅

2 exp(−𝜈𝑘2𝑡) cos(𝑘𝑥)
, (8)

where 𝑅 = 𝑈0∕(𝑘𝜈) < 2 [30]. For a more comprehensive discussion of 
solutions to equation (1), see the book by Gurbatov et al. [24].

The aim of this paper is to study the influence of a random force 
in the wave field. This is accomplished by considering the stochastic 
equation

𝜂𝑡 + 𝜂𝜂𝑥 − 𝜈𝜂𝑥𝑥 = 𝑓 (𝑥, 𝑡), 𝑥 ∈ℝ, 𝑡 ∈ (0,∞),

𝜂(𝑥,0) = 𝜂0(𝑥), 𝑥 ∈ℝ,
(9)

where 𝑓 (𝑥, 𝑡) is a stochastic process. External forces typically account 
for the influence the wave dynamics, for instance they are related to 
variable atmospheric pressure and topographic obstacles [9,12–14,16,

17,21–23]. However, there are cases in which such that the external 
force is not deterministic [8,25]. The Burgers equation in the presence 
of a random force has appeared in the literature in different contexts. 
For instance, it has been used to investigate the Kolmogorov-Burgers 
turbulence [7,11,50]. Steady solutions to the forced Burgers equation 
have also been obtained when the driving force is a sinusoid [29] and 
theoretical results for a specific type of external force [40]. For a pure 
time-dependent random process, 𝑓 (𝑥, 𝑡) = 𝑓 (𝑡), the problem has been 
discussed in many nonlinear dispersive equations [27,31,46–48,52]. 
However, to the best of our knowledge this is the first time that such 
a study is conducted within the Burgers equation framework. The main 
mathematical tool used in these papers to address randomness is to ex-

ploit the quadratic nonlinearity of the equation. By making a change of 
variables, the randomness is effectively transferred to the wave phase.

In this work, we compute the mean wave field under the influence 
of a random force, modeled as 𝑓 (𝑥, 𝑡) = 𝑓 (𝑡). We consider examples 
where analytical solutions are available in the literature, utilizing the 
Cole-Hopf transformation. Two scenarios are considered: the impact of 
a random force on wave fronts and a deformed sinusoidal wave in the 
viscous Burgers equation and the effect of a periodic random force in 
the inviscid Burgers equation. For the first case, we demonstrate that 
the random force primarily causes an increase or decrease in the wave 
front depending on the dispersion parameter. Regarding the deformed 
sinusoidal wave, we demonstrate that the wave field tends to spread 
out and dampen over time. For the inviscid problem, we assume the 
random force to be periodic with random phase to show that the mean 
wave field corresponds to the solution of the classical inviscid Burgers 
equation without external forces

For reference, the article is organized as follows: In Section 2, the 
stochastic Burgers equation is reduced to the Burgers equation with con-

stant coefficients. Results are presented in Sections 3-6, and the final 
conclusions are in Section 7.

2. Reducing the stochastic Burgers into a deterministic problem

Many authors have taken advantage of the fact that, with an appro-

priate change of variables, dispersive equations with quadratic nonlin-
2

earity of the form 𝑢𝑢𝑥 and a stochastic force can be transformed into 
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equations with constant coefficients [18,25,52]. Consider the new vari-

able

𝜂(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) +𝑍(𝑡), where 𝑍′(𝑡) = 𝑓 (𝑡). (10)

Substituting equation (10) into equation (9) we obtain

𝑢𝑡 +𝑍(𝑡)𝑢𝑥 + 𝑢𝑢𝑥 − 𝜈𝑢𝑥𝑥 = 0, 𝑥 ∈ℝ, 𝑡 ∈ (0,∞). (11)

Now, we introduce the traveling variable

𝑥′ = 𝑥− 𝑉 (𝑡), where 𝑉 ′(𝑡) =𝑍(𝑡). (12)

Inserting equation (12) into equation (11), dropping the prime yields 
the homogenous viscous Burgers equation with constant coefficients

𝑢𝑡 + 𝑢𝑢𝑥 − 𝜈𝑢𝑥𝑥 = 0, 𝑥 ∈ℝ, 𝑡 ∈ (0,∞). (13)

In the following sections, we consider the Cauchy problem with an initial 
wave front and other wave fields.

3. Wave fronts

Wave fronts play a crucial role in the study of undular bores and 
dispersive shock wave (DSW) theory. DSWs, also referred to as undular 
bores in fluid mechanics, represent a broad class of wave phenomena 
that emerge as solutions to nonlinear dispersive wave equations. They 
form as a result of the dispersive regularization of wave-breaking sin-

gularities or initial jump discontinuities, contrasting with the viscous 
shocks in compressible flow, such as those described by the viscous Burg-

ers equation, where viscosity smooths the shock. Typically, DSWs mani-

fest as modulated wavetrains, with solitary waves at one end and linear 
dispersive waves at the other, connecting two distinct flow states. This 
structure highlights a range of nonlinear behaviors within a coherent 
wave pattern. Notably, in the dispersionless limit of several dispersive 
equations, the Burgers equation serves as a prototype model [41,42,44].

The previously introduced change of variables shows that the ran-

dom force primarily influences the wave phase and its pedestal. In other 
words, if

𝑢(𝑥, 𝑡) = 𝑐 −
𝑢+0 − 𝑢−0

2
tanh

[𝑢+0 − 𝑢−0
4𝜈

(𝑥− 𝑐𝑡)
]

(14)

is the solution of (13) then

𝜂(𝑥, 𝑡) =𝑍(𝑡) + 𝑐 −
𝑢+0 − 𝑢−0

2
tanh

[𝑢+0 − 𝑢−0
4𝜈

(𝑥− 𝑉 (𝑡) − 𝑐𝑡)
]

(15)

is the exact solution of problem (9).

In order to obtain results on the averaged wave field, we assume that 
𝑊 (𝑉 , 𝑡) is the distribution density function of the random quantity 𝑉 , 
which is assumed to be uniform given by

𝑊 (𝑉 , 𝑡) = 1
2𝜎𝑉

{
1 |𝑉 | < 𝜎𝑉 ,

0 |𝑉 | > 𝜎𝑉 ,
(16)

where 𝜎𝑉 (𝑡) = 𝜎0𝑡
𝛾 , with 𝜎0 and 𝛾 constants. With this choice, the wave 

behaves as a Brownian particle. Notice that the pedestal 𝑍(𝑡) does not af-

fect the intrinsic properties of the wave front. The randomness primarily 
affects the wave phase. Therefore, the averaged wave field is obtained 
by averaging the wave described in equation (14). Consequently, the 
mean field is

< 𝑢(𝑥, 𝑡) >= 1
2𝜎𝑉

𝜎𝑉

∫
−𝜎𝑉

𝑢(𝑥, 𝑡)𝑑𝑉 . (17)

Substituting the expression (14) into equation (17) yields

< 𝑢(𝑥, 𝑡) >= 𝑐 − 𝜈

2
log

[
cosh

(𝑢+0 − 𝑢−0
2

(𝑥− 𝑐𝑡− 𝑉 )
)]|||𝜎𝑉−𝜎𝑉 . (18)
Therefore,
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Fig. 1. The averaged wave front given by equation (23) for different values of 𝜎.

Fig. 2. The mean averaged wave front over time (23). Parameters: 𝜎 = 1 and 𝛾 = −0.5.
< 𝑢(𝑥, 𝑡) >= 𝑐 − 𝜈

2
log

[ cosh
(
𝑢+0 −𝑢

−
0

2 (𝑥− 𝑐𝑡+ 𝜎𝑉 )
)

cosh
(
𝑢+0 −𝑢

−
0

2 (𝑥− 𝑐𝑡− 𝜎𝑉 )
)
]
. (19)

Introducing the variables

𝑋 =
𝑢+0 − 𝑢−0

2
(𝑥− 𝑐𝑡), 𝜎 =

𝑢+0 − 𝑢−0
2

𝜎𝑉 , (20)

the mean wave front can be written as

< 𝑢(𝑋, 𝑡) >= 𝑐 − 𝜈

2
log

[
cosh(𝑋 + 𝜎)
cosh(𝑋 − 𝜎)

]
. (21)

Rescaling the averaged wave front as

< 𝑢(𝑋, 𝑡) >→ < 𝑢(𝑋, 𝑡) > −𝑐
𝜈

, (22)

allow us to write the averaged wave field as a function of 𝑋 and 𝜎

< 𝑢(𝑋,𝜎) >= −1
2
log

[
cosh(𝑋 + 𝜎)
cosh(𝑋 − 𝜎)

]
, (23)

and consequently analyses the effect of the dispersion parameter on the 
mean wave field. Notice yet that L’Hospital rule implies

lim
𝑋→∞

< 𝑢(𝑋,𝜎) >= 2𝜎. (24)

Fig. 1 shows the averaged wave field for different values of the disper-

sion (𝜎) parameter. As we can see as the dispersion parameter increases 
the wave front becomes higher. However, the steepness of the wave 
front remains the same for different values of 𝜎.

Now, we examine the evolution of the mean wave front over time. 
When 𝛾 is negative, the amplitude of the wave front decays over time, re-

sulting in a progressively weaker wave front (Fig. 2). Conversely, when 
𝛾 is positive, the amplitude of the wave front increases over time and can 
3

grow indefinitely. This behavior is illustrated in Fig. 3. From a physical 
0

standpoint, in this case, the wave front can potentially cause signifi-

cant damage to the region it propagates through, as seen with flooding 
waves.

4. Deformed sinusoidal wave

The evolution of a single harmonic is ideal for investigating the pri-

mary effects of nonlinearity in a wave field. This approach was first 
explored by Zabusky and Kruskal [51] and has been applied in other 
contexts, such as the recurrence problem initially studied by Fermi et 
al. [10], where a chain of particles with equal masses is connected by 
elastic springs governed by a dynamical system with quadratic and cubic 
spring forces [2,10]. This study has also been used in other frameworks 
[19,20] and more recently to describe the impact of a horizontal elec-

tric field on rotational flows [15]. With this in mind, we investigate the 
impact of randomness on the solutions represented by the deformed si-
nusoidal wave described in the equation (8). According to the change 
of variables defined in Section 2 we have

𝑢(𝑥, 𝑡) =
𝑈0 exp(−𝜈𝑘2𝑡) sin(𝑘(𝑥− 𝑉 (𝑡))

1 + 𝑅

2 exp(−𝜈𝑘2𝑡) cos(𝑘(𝑥− 𝑉 (𝑡))
, (25)

where 𝑉 has the probability density defined in (16). Fig. 4 represents 
the solution (25) for specific choices of the parameters. As we can see, 
at time 𝑡 = 0, we have a slightly deformed sinusoidal wave periodic in 
space, and as time progresses its amplitude is damped over time. The 
averaged wave field is obtained by integrating equation (25) in the in-

terval [−𝜎𝑉 , 𝜎𝑉 ]. Consequently, we have the following expression for 
the mean wave field

< 𝑢(𝑥, 𝑡) >=
2𝑈0 log

[ 𝑅

2 exp(−𝜈𝑘2𝑡) cos(𝑘(𝑥− 𝜎𝑉 )) + 1
]
. (26)
𝑅𝑘 𝑅

2 exp(−𝜈𝑘2𝑡) cos(𝑘(𝑥+ 𝜎𝑉 )) + 1
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Fig. 3. The mean averaged wave front over time (23). Parameters: 𝜎(𝑡) = 𝜎0𝑡
𝛾 with 𝜎0 = 1 and 𝛾 = 0.5.

Fig. 4. Typical deterministic solution given by equation (25) in the moving frame. Parameters: 𝑘 = 1, 𝑈0 = 1 and 𝜈 = −1.

Fig. 5. The averaged solution given by equation (27). Parameters: 𝑅 = 1, 𝜎(𝑡) = 𝜎 𝑡𝛾 with 𝜎 = 1 and 𝛾 = 0.5.
Fig. 5 represents the averaged wave field for a choice of parameters. 
Rescaling the variables as 𝑋 = 𝑘𝑥, 𝜎 = 𝑘𝜎𝑉 , 𝑇 = 𝜈𝑘2𝑡 and < 𝑢(𝑥, 𝑡 >
∕(2𝑈0∕𝑅𝑘) →< 𝑢(𝑋, 𝑇 ) > yields

< 𝑢(𝑋,𝑇 ) >= log

[ 𝑅

2 exp(−𝑇 ) cos(𝑋 − 𝜎) + 1
𝑅

2 exp(−𝑇 ) cos(𝑋 + 𝜎) + 1

]
(27)

The parameter 𝛾 is fundamental in describing the mean wave field, 
and its influence can be divided into two cases: 𝛾 < 1 and 𝛾 > 1. For 
𝛾 < 1, the dispersion causes the deformed sinusoidal wave to spread out 
along the 𝑥-axis while also damping over time, as illustrated in Fig. 5. 
This behavior is akin to the spreading and damping observed in soli-

tons for the KdV equation [31] and the Benjamin-Ono equation [18]. In 
contrast, for 𝛾 > 1, we observe a more oscillatory behavior in the mean 
field, resulting in a “chess pattern” appearance, as shown in Fig. 6.

5. Cole-Hopf transformation in random fields

We recall the classical Cole-Hopf transformation

𝜑𝑥′
4

𝑢 = −2𝜈
𝜑

, (28)
0 0

where 𝜑 satisfies the heat equation

𝜑𝑡 = 𝜈𝜑𝑥′𝑥′ . (29)

The general solution of the heat equation is written in form

𝜑(𝑥′, 𝑡) = 1√
4𝜋𝜈𝑡 ∫ℝ

𝚽(𝜂) exp
(
− (𝑥′ − 𝜂)2

4𝜈𝑡

)
𝑑𝜂, (30)

with initial condition

𝜑(𝑥′,0) =𝚽(𝑥′) = exp
[
− 1

2𝜈

𝑥′

∫
0

𝑢(𝜂,0)𝑑𝜂
]
. (31)

Such solution is mapped into the following solution to the viscous Burg-

ers equation

𝑢(𝑥′, 𝑡) =
∫ℝ 𝑥′−𝜂

𝑡
𝑒−𝐺∕2𝜈𝑑𝜂

∫ℝ 𝑒−𝐺∕2𝜈𝑑𝜂
(32)
where,
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Fig. 6. The averaged solution given by equation (27). Parameters: 𝑅 = 1, 𝜎(𝑡) = 𝜎0𝑡
𝛾 with 𝜎0 = 1 and 𝛾 = 2.

Fig. 7. The solution given in equation (41) in the moving frame with speed 𝑉 (𝑡). Parameters: 𝐴 = 1 and 𝜈 = 0.1.
𝐺(𝜂, 𝑥′, 𝑡) =

𝜂

∫
0

𝑢(𝜂′,0)𝑑𝜂′ + (𝑥′ − 𝜂)2

2𝑡
. (33)

For more details we recommend the reader to see [49]. In general, we 
cannot write the exact solution in closed form. However, there are spe-

cial cases in which we can use asymptotic results to obtain a solution. 
Assuming that the initial data has the form

𝑢(𝑥′,0) =𝐴𝛿(𝑥′) (34)

and that the ratio 𝑅 = 𝐴∕2𝜈 is small, the following approximation is 
valid [49]

𝑢(𝑥′, 𝑡) = 𝐴√
4𝜋𝜈𝑡

𝑒
− 𝑥′ 2

4𝜈𝑡 . (35)

Consequently, we have

𝑢(𝑥, 𝑡) = 𝐴√
4𝜋𝜈𝑡

𝑒
− (𝑥−𝑉 (𝑡))2

4𝜈𝑡 . (36)

Assuming that the external force is a stationary random process with 
a zero mean and the Gaussian distribution function, we also write the 
distribution function 𝑊 (𝑉 , 𝑡) in the form of the Gaussian dependence 
as

𝑊 (𝑉 , 𝑡) = 1√
2𝜋𝜎𝑉

exp
(
− 𝑉 2

2𝜎2
𝑉

)
. (37)

The mean wave field becomes

< 𝑢(𝑥, 𝑡) >= ∫
ℝ

𝐴√
4𝜋𝜈𝑡

exp
(
−(𝑥− 𝑉 )2

4𝜈𝑡

) 1√
2𝜋𝜎𝑉

exp
(
− 𝑉 2

2𝜎2
𝑉

)
𝑑𝑉 .

(38)

Notice that if 𝛾 < 1∕2, then the wave 𝑢(𝑥, 𝑡) spreads out faster the Gaus-
5

sian (37), thus the second term that appears in the integral described in 
equation (38) can be considered as a delta function, consequently, the 
wave field can be approximate as

< 𝑢(𝑥, 𝑡) >= 𝐴√
8𝜋2𝜈𝑡𝜎𝑉

exp
(
− 𝑥2

4𝜈𝑡

)
. (39)

This shows that the mean wave field is damped over time. On the other 
hand if 𝛾 > 1∕2 the normal distribution spreads out faster and thus the 
wave can be approximated as a delta function concentrated at 𝑥. This 
yields the approximation

< 𝑢(𝑥, 𝑡) >= 𝐴√
8𝜋2𝜈𝑡𝜎𝑉

exp
(
− 𝑥2

2𝜎2
𝑉

)
. (40)

Equations (39) and (40) demonstrate that diffusion to dominates over 
the nonlinearity.

Now we consider the case that 𝑅 = 𝐴∕2𝜈 is large. In this case, we 
have the following approximation

𝑢(𝑥, 𝑡) =
√

2𝐴
𝑡

1

1 + exp

[
1
2𝜈

√
2𝐴
𝑡
(𝑥− 𝑉 −

√
2𝐴𝑡) + 1

2 log(
2𝜋𝐴
𝜈

)

] . (41)

Fig. 7 displays a typical wave front for different parameter settings. The 
wave front typically spreads out due to diffusion mechanisms. For this 
case, the averaged wave field for 𝑉 ∼ (−𝜎𝑉 , 𝜎𝑉 ) is obtained by inte-

grating equation (41). Thus,

< 𝑢(𝑥, 𝑡) >=2𝜈

[
𝜎𝑉

2𝜈

√
2𝐴
𝑡

+ log

(
𝑒
𝜎𝑉
2𝜈

√
2𝐴
𝑡 + 𝑒

1
2𝜈

√
2𝐴
𝑡
(𝑥−

√
2𝐴𝑡)+ 1

2 log( 2𝜋𝐴
𝜈

)
)

− log

(
𝑒
𝜎𝑉
2𝜈

√
2𝐴
𝑡
+ 1

2𝜈

√
2𝐴
𝑡
(𝑥−

√
2𝐴𝑡)+ 1

2 log( 2𝜋𝐴
𝜈

) + 1

)]
.

(42)

The mean field is qualitatively different from the example give above, 

see Fig. 8.
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Fig. 8. The mean wave front given in equation (42). Parameters: 𝐴 = 1, 𝜈 = 0.1, 𝜎0 = 1, 𝛾 = 0.5.

Fig. 9. The solution (47) of the Cauchy problem (44). Parameters: 𝐴 = 1, 𝜔 = 5.
6. Gaussian pulses on periodic fields

In this section we consider the inviscid Burgers equation with a ran-

dom force. The function 𝑉 is taken as

𝑉 (𝑡) =𝐴 cos(𝜔𝑡+𝜑), (43)

where 𝐴 and 𝜔 are constants and 𝜑 is the random phase, which is as-

sumed to be uniformly distributed in the interval [0, 2𝜋].
The method of characteristics can be used to obtain parametric so-

lutions of the following Cauchy problem

𝑢𝑡 + 𝑢𝑢𝑥′ = 0, 𝑥′ ∈ℝ, 𝑡 ∈ (0,∞),

𝑢(𝑠,0) = ℎ(𝑠), 𝑠 ∈ℝ.
(44)

Here, we assume that

ℎ(𝑠) = exp(−𝑠2). (45)

The exact solution to this problem can be parametrized as

𝑥′(𝑠, 𝑡) = 𝑠+ ℎ(𝑠)𝑡. (46)

Using equation (12), we obtain the parametrized solution

𝑥(𝑠, 𝑡) = 𝑠+ 𝑉 (𝑡) + ℎ(𝑠)𝑡. (47)

A typical example of the randomness introduce in the solution is given 
in Fig. 9 for specific values of 𝐴 and 𝜔. An oscillatory pattern in the 
wave crest is observed due to the periodicity of the phase, followed by 
the overturning of the wave field.

The mean field is obtained by averaging equation (47) for 𝜑 ∈ [0, 2𝜋]
as

< 𝑥(𝑠, 𝑡) >= 𝑠+ < 𝑉 (𝑡) > +ℎ(𝑠)𝑡 = 𝑠+ ℎ(𝑠)𝑡. (48)

Therefore, the mean wave field is the solution of the homogeneous invis-
6

cid Burgers equation. At this scale, the external force does not introduce 
inhomogeneities into the wave field. It is well known that solutions 
to the inviscid Burgers equation can exhibit breaking, where the wave 
overturns, leading to a gradient catastrophe. However, in this context, 
we show that the periodic external force does not affect the mean wave 
field. The resulting averaged solution is depicted in Fig. 10. This shows 
that despite the presence of external random forces, the large-scale be-

havior of the wave field remains governed by the same dynamics as the 
inviscid Burgers equation, preserving its characteristic properties with-

out additional complexities.

7. Conclusions and discussion

In this work, we investigated the effects of a random time-dependent 
force on wave fronts and Gaussian pulses within the framework of the 
viscous and inviscid Burgers equations, respectively. Analytically, we 
obtained the mean wave fields. For the viscous Burgers equation, we 
demonstrated that the random force can either increase or decrease 
the amplitude of the wave front depending on whether the dispersion 
parameter (𝜎) is increasing or decreasing. Meanwhile, for a deformed 
sinusoidal wave, the mean wave field spreads out and dampens over 
time. Additionally, we showed that the averaged wave field for Gaus-

sian pulses in periodic random fields corresponds to the exact solution 
of the inviscid Burgers equation.

The primary limitation of this method is its reliance on the quadratic 
nonlinearity of the problem and the restriction of the external force 
to being time-dependent. When the external force depends on spatial 
variables, the expression for the exact solution to the Burgers equation 
becomes significantly more complex, making it difficult to compute the 
mean wave field analytically. However, this opens the door for numer-

ical studies, which present a promising avenue for future research.
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Fig. 10. The averaged Gaussian field.
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