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Abstract—For a low-frequency sound signal propagating in a horizontally inhomogeneous waveguide in shal-
low water, the influence of a f luctuating interface between the water layer and fluid bottom sediments was
studied based on statistical modeling using the cross-sectional method. The modeling was carried out for
hydrological conditions in many situations corresponding to the shallow shelf zones of the Russian Arctic
seas. A specific feature of these water areas is the presence of an almost homogeneous water layer on poorly
consolidated bottom sediments with various characteristics, including a high degree of gas saturation. The
dependence of the average intensity of the sound signal and its individual modes on the parameters of the
problem has been studied: the characteristic scale of f luctuations of the interface and impedance of this inter-
face, which determines its penetrable properties. It is shown that the influence of bathymetric f luctuations on
the average intensity of acoustic modes has its own characteristics versus the influence of random volumetric
inhomogeneities of the sound speed in the water layer and sediments, established earlier. Thus, bottom
roughness of a relatively small scale leads, on average, to increased attenuation of a sound signal when prop-
agating in a waveguide, and this can occur at relatively short distances from the source. An increase in the
reflectivity of a rough bottom boundary weakens the effect of increased sound attenuation so that for typical
values of sound speed in the bottom, attenuation at distances of 10–20 km from the source differs little from
that for an undisturbed horizontal boundary.

Keywords: horizontally inhomogeneous random shallow water, statistically rough boundary, average field
intensity and its f luctuations, cross-sectional method, local modes, statistical modeling
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1. INTRODUCTION
Low-frequency acoustic signals propagating in a

shallow-water waveguide are subjected to the influ-
ence of all sorts of random inhomogeneities, which
often greatly alter the pattern of average propagation
losses (behavior of average intensity) and other sound
field characteristics. This article considers the influ-
ence of a randomly rough bottom surface. A large
number of works are devoted to sound scattering by
rough surfaces. Among the pioneering articles, it is
necessary to mention [1–3], as well as early reviews
[4–6], where one can find numerous additional refer-
ences to the literature on the topic. A modern repre-
sentative review can be found in [7]. The above-men-
tioned works present the main approaches to approxi-
mate theoretical analysis and obtain results on
individual aspects of the problem. The most common
analytical methods are perturbation theory, Kirch-
hoff’s method, and the integral equation method.
Early theoretical studies treated surface and volume
scattering as completely different problems. However,

in shallow-water acoustics this often does not meet
practical needs. Thus, it is difficult to distinguish,
using experimental methods, scattering by irregulari-
ties of the seabed in a waveguide from scattering by
volumetric inhomogeneities of bottom sediments. For
this reason, recently an increasing number of authors
have been studying these two types of sound scattering
together [8, 9].

To calculate the scattered field from both volumet-
ric and surface inhomogeneities of the medium, the
vast majority of authors used the ray method, the par-
abolic equation method (PEM) and the mode
approach. As is known, the ray method is applicable
only for high-frequency fields, and is accompanied by
computational difficulties at the points of ray turning
and on caustics. The PEM also experiences difficulties
in describing the sound focusing regions in the wave-
guide [10], and in addition, within the framework of
the traditional form of the PEM for waveguides with
rough boundaries, strict consideration of boundary
conditions is problematic [11–13]. We will point out
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articles [14–16] that are close in their formulation of
the problem to our study for mode waveguides in the
low-frequency range. Thus, in [15], the Kirchhoff
method for the Green’s function, first developed in
works [1–3, 14], was used in the form of a mode rep-
resentation for layered-inhomogeneous waveguides
with horizontal boundaries, and scattering by the
roughness of the boundaries was calculated using the
perturbation method. For short sound propagation
distances, correlation functions and field coherence in
the vertical and horizontal directions were calculated.
In [16], a variation of the local mode approach pro-
posed earlier in [17] and involving convolution along
the horizontal coordinate of the adiabatic solution for
a 2D waveguide with the mode coupling coefficients
was applied to calculate scattering on random bottom
roughness. The authors of the article considered the
scattering of broadband signals for a fixed distance
using the Fourier method in the time domain. How-
ever, the features of the decrease in average intensity
and the behavior of other statistical characteristics of
the sound field in waveguides with losses and a f luctu-
ating water–bottom sediment interface are not con-
sidered in the above-mentioned literature. The present
study is based on statistical modeling [18–21] of the
average sound intensity, as well as intensity f luctua-
tions (scintillations). The authors focus not so much
on changes in the law of decay in intensity, which
describes energy losses during signal propagation in a
randomly inhomogeneous medium of a shallow water,
which is the subject of articles [22–24], but on the spe-
cific features of the transformation of the intensity of
individual modes that form the sound field. This sheds
additional light on both intermodal coupling and sig-
nal behavior. In addition, statistical effects are ana-
lyzed for two types of impedance water–bottom sedi-
ment interfaces, when there is a strong acoustic energy
transmission [24, 25], and, conversely, when there is a
strong reflection from the interface. Using statistical
modeling, the problem is solved for individual random
realizations of the waveguide bathymetry from a repre-
sentative ensemble of sampling with subsequent aver-
aging. Calculations in each sampling are carried out
on the basis of the universal local mode approach
developed in [26–30]. In this approach, the distance-
dependent mode amplitudes are sought by reformulat-
ing the original boundary value problem for the acous-
tic equations into equivalent first-order causal equa-
tions [26, 27], using the embedding method (also
known as the parameter differentiation method or the
Riccati equation method). The given causal equations
allow an explicit representation of the solution in
terms of backscattering coefficients, which signifi-
cantly simplifies further calculations in the forward
scattering approximation, or one-way propagation
(OWP), when the contribution of the backscattered
field in the waveguide is ignored.
2. FORMULATION OF THE PROBLEM

In a two-dimensionally inhomogeneous shallow-
water waveguide with an roughboundary H, separating
the water layer and fluid bottom sediments, the sound
field with frequency ω is described by linear acoustic
equations for the functions of the sound pressure and
particle velocity components. On the sea surface and
bottom H (or any horizon of the liquid sediment half-
space) suitable boundary conditions are formulated.
Let us consider an axially symmetric formulation of
the problem for a monochromatic signal, omitting the
time factor e-iωt. In a medium with variable density, the
acoustic equations are reduced to a single equation for
sound pressure p of the following type [12]:

(1)

in which (r, z) are the coordinates of the cylindrical
system, the point source of radiation is located at r = 0,
z = z0; с = с(r, z) is the sound speed; ρ = ρ(r, z) is the
density. Let us assume that on the free surface the
boundary condition p(r, 0) = 0, and the condition at
the bottom interface corresponds to the continuity of
pressure and the velocity component normal to the
roughinterface H(r). It also implies that the radiation
conditions are met at z, r → ∞. As is known [11, 12],
the pressure field p(r, z) for (1) in the cross-sectional
method can be sought using expansion in local modes
of a horizontally inhomogeneous waveguide:

(2)

In (2) k = ωcs(r, z), κm(r) are the eigenvalues, and
ϕm are the eigenfunctions of the Sturm–Liouville prob-
lem (m = 1, 2,…, M), which on the surface and on the
ocean floor satisfy the following boundary conditions:
ϕm(r,0) = 0, ϕm(r, H) + gm(r) (r, H) = 0 ( (r, H) =
(∂ϕm(r, z)/∂z)|z = H). In the last condition, gm(r) char-
acterizes the impedance of a penetrable bottom, and
the rough boundary H(r) is set as a random function,
as a result of which problem (1)–(2) becomes stochas-
tic. Obviously, the eigenfunctions and eigenvalues, as
well as the waveguide modes Gm(r)ϕm(r, z), will be ran-
dom functions of r. The condition of a water–fluid
sediment interface H(r) corresponds to the continuity
of pressure and the vertical component of the mode
velocity when the boundary is crossed: ϕm(r, H – 0) =
ϕm(r, H + 0), (r, H – 0)/ρ(r, H − 0) = (r, H +
0)/ρ(r, H + 0). At the same time, for the total acoustic
field, in addition to Eq. (1), the condition of continu-
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ON THE AVERAGE FIELD INTENSITY AND INDIVIDUAL MODES 643
ity of the velocity component normal to the boundary
must be satisfied.

We further assume that the irregular part of the
waveguide with random bathymetry is concentrated in
an arbitrary horizontal region to the right of the sound
source 0 < L < r < L0, and random fluctuations in
bathymetry have relatively small amplitude and char-
acteristic scales exceeding the wavelength of sound. In
such a situation, the backscattered field of the modes
in the waveguide is small and can be neglected with
sufficient accuracy. In this approximation of OWP (or
forward scattering), we use the following form of solu-
tion (3) for the mode amplitude vector  =
{Gm(r)}T, m = 1,..M, in closed form, following from the
embedding equations. For the readers’ convenience,
Appendix A gives the derivation of the embedding equa-
tions and, as a special case, Eq. (3) for the mode ampli-
tudes in the absence of backscattering (see also [29, 30]):

(3)

where L is a variable parameter of the position of the
boundary of the irregular medium, G(r; L) ≡ G(r) is a
square matrix of size M × M to be determined,  is
the column vector of the amplitudes of incident modes
in the section r = L of an irregular environment with M
elements bm(L) = ϕm(0, z0) (L)exp[iκm(L)L], κ(r)
is the diagonal matrix κm(r), κ'(r) is the diagonal
matrix of derivatives κm(r), and E is an identity matrix.
Also, in (3) V(r), a matrix with elements

, VT(r) is a transposed

matrix with elements Vnm. Bearing in mind the wave
zone κm r  1 for the study, in expressions (3), a tran-
sition was made from cylindrical to exponential func-
tions, and instead of expansion (2) for p(r, z) we con-

sider p(r, z) = A , A =
i[8πi]−1/2. The representation of solution (3) may vary
depending on the specific objectives of the study.
From the viewpoint of direct calculations performed
further in this study, the matrix notation of solution
(3) is preferable. It was previously used in [23, 25, 29].
Note that the solution to Eq. (3) in transposed form is a
matricant that allows exponential representation of the
solution (in terms of a matrix exponent) if at each step of
the computational procedure C(L) is approximated
along the propagation path by a constant matrix (then
over the entire interval the matricant is represented by the
product of the exponentials, see Appendix A).

Matrix V(r) and the transposed matrix VT(r)
describe intermode coupling due to horizontal varia-
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tions caused by random roughness of the bottom
boundary H. It is important to note that in order to satisfy
the boundary condition of continuity of the normal to the
boundary H(r) of the velocity component required for
Eq. (1), solution (3) must include the transposed matrix

VT(r) = −V(r) − 

[11, 29].

Within the cross-sectional method for modes, this
matrix ensures correct account for continuous (piece-
wise continuous) variations of the interface H(r) with
a jumplike change in density when the boundary is
crossed. This makes it possible to satisfy the reciproc-
ity principle and the energy conservation law in the
acoustic field [11]. Thus, for waveguides with variable
density and an irregular bottom boundary studied in
here, the known approximate methods, adiabatic
(Vmn = 0), the parabolic equation and the WKB equa-
tion in the traditional form do not strictly describe the
boundary condition on the nonhorizontal interface
H(r). These approximations work well if the density of
the medium and interfaces with different densities on
either side of the interface do not change in the hori-
zontal direction, and the waveguide contains, e.g.,
only volumetric inhomogeneities in the sound speed.
Then the matrix V(r) becomes skew-symmetric:
Vmn(r) = – Vnm (r), Vnn = 0, and expression in (3) is
simplified [21–23, 25].

Calculating the pressure field p(r, z) using Eqs. (2),
(3) for each random realization H(r) from the ensem-
ble N implementations, we obtain the change in the
average intensity, or the average loss function during
the propagation of sound along the path in a randomly
inhomogeneous waveguide in the form

(4)

where M is the maximum mode number taken into
account in the calculations, and angle brackets mean
statistical averaging, which is replaced in the calcula-

tions by the algebraic formula ; Ik is

intensity of the sound signal in the k-realization of the
statistical ensemble. The first sum of modes in (4) rep-
resents incoherent terms and describes the averaged
(over the scale of spatial interference) law of intensity
decay in the waveguide. The second sum of coherent
terms describes the wave interference structure of the
sound field, which is superimposed on the smooth
averaged law of decay. Other interesting statistical
characteristics of intensity can also be calculated using
well-known formulas. For example, an important
indicator of relative f luctuations in sound intensity in
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Fig. 1. Illustration of stochastic waveguide model. Penetrable boundary. (a) Example of random sampling of f luctuations δh(r)
of water–bottom sediment interface, Lh = 20 m; (b) arbitrary random realization of real part of eigenvalues κm(r) of numbers
m = 1, 4, 6.
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a randomly inhomogeneous waveguide is the scintilla-
tion index S2, where S = [I2 − I2]1/2/I [23, 25, 31].

3. SHALLOW-WATER STOCHASTIC 
WAVEGUIDE MODEL

For numerical analysis, reference was made to the
values of parameters characteristic of the shelf zones of
a number of Arctic seas, in particular, the Kara Sea
[32, 33]. A shallow-water waveguide was considered in
which a tonal sound signal with a frequency of 250 Hz
(wavelength λ = 6 m) propagates. The waveguide has
an average depth of H(r) = 40 m, horizontal surface,
and a randomly rough bottom. In the water layer 0 ≤
z < H(r) there are uniform sound speed profiles c =
1460 m/s and density ρ = 1.023 g/cm3. The bottom
z ≥ H(r) is a f luid absorbing half-space of unconsoli-
dated sediments with a refractive index at the water–
bottom interface n = (c/c1)(1 + iβ1). In bottom sedi-
ments, following the measurement data given in [33], we
set the impedance in terms of density, ρ1 = 1.85 g/cm3,
absorption β1 = 0.02 (≈ 1 dB/λ) and sound speed c1.
Random irregularities of the water–sediment interface
δh(r), H(r) = H + δh(r) (Fig. 1a) we assume to be a
Gaussian random process with an exponential cor-
relation function: Bh(r2 − r1) = exp(−|r2 − r1|/Lh).

The intensity of fluctuations was given by the value  =
(δh)2 = 1 m2 [15, 31], σh  H. The most important
parameter Lh is the characteristic scale of change in

σ2
h

σ2
h

!

bathymetry H(r). The aim of this work is to study the
influence of f luctuations δh(r) small scale, but such
that the statistical scale Lh exceeded the wavelength of
sound and the amplitude σh (Lh  σh). In such a situ-
ation, as calculations show, the magnitude of the
backscattered field is negligibly small, in addition, the
requirements for sufficiently fast convergence of the
mode series (2) of the cross-sectional method are not
violated [11].

At a constant sound speed in the water layer and bot-
tom sediments, the impedance function gm(r) in the
boundary condition to Eqs. (2) is determined by its local
values in the cross sections of the Pekeris comparison

waveguides: , or if
c = с(z), any other comparison waveguides. In numerical
modeling, when averaging (4), an ensemble of N = 103

samplings was considered to obtain a reliable statistical
result. Figure 1 shows the fluctuations of the bottom
boundary and eigenvalues κm(r) of a randomly inhomo-
geneous waveguide that are perturbed by these fluctua-
tions along the path. The numbers on the graphs in Fig.
1b correspond to the numbers of the eigenvalues.

4. STATISTICAL ANALYSIS OF THE BEHAVIOR 
OF INTENSITY

4.1. Highly Penetrable Bottom Boundary

Statistical modeling of intensity (4) was performed
for two types of bottom boundaries of a shallow-
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ON THE AVERAGE FIELD INTENSITY AND INDIVIDUAL MODES 645
water waveguide: a highly penetrable interface, c1 =
с = 1460 m/s, which is often found on the shelf of Arc-
tic seas with increased gas saturation in bottom sedi-
ments [33], and boundaries with significant reflectiv-
ity, c = 1460 m/s, c1 = 1600 m/s. Let us first consider
a highly penetrable bottom boundary. In this case, as
was shown for volume fluctuations of the sound speed
in the water layer in [21, 24], as well as for f luctuations
of the impedance function gm(r) in [25], the maximum
statistical effect is observed during propagation of a
sound signal. Based on the information from [15], as
well as for purposes of comparison with the conclu-
sions of [23], the characteristic scale of variation in
H(r) was selected as Lh = 20 m, which corresponds to
the inhomogeneities of the interface on a fairly small
scale. In order of magnitude, they are comparable to
the wavelength of the sound signal, but still Lh is more
than three times higher than λ. Taking into account
also the existing anisotropy along the horizontal coor-
dinate, Lh  σh (a certain degree of smoothness,
although insignificant, is present in the statistical
problem), which leads to fairly rapid convergence of
series (2) of the cross-sectional method. When calcu-
lating individual implementations, six modes were
taken into account, determining the sound field at dis-
tances r > 300 m. In mode type, as in all previous stud-
ies by the authors [19–25, 29, 30], reference was made
to the Pekeris cut on the complex plane of wave num-
bers κ(r), so the square root in gm(r) is understood in
the sense of the main meaning [33, 34]. In the consid-
ered case of a highly penetrable bottom boundary, the
modes of the discrete spectrum are leaky, their eigen-
values κm are complex and, except for the first κ1(r),
have a significant imaginary part. The first mode has
the largest characteristic attenuation scale Lκ1 ~
(Im κ1)–1 ≈ 2 km; the scale of the sixth mode, Lκ6 ≈
151 m, differs by more than an order of magnitude.
However, in any case, the inequality Lh.  Lκ is satis-
fied, allowing intense intermode coupling due to the
roughness of the boundary. Distances near the source
r < 100–300 m, where the contribution from the con-
tinuous spectrum of horizontal wave numbers κ [34]
can be significant, are of no interest from the view-
point of statistical effects and are therefore not ana-
lyzed in this article. Strictly speaking, the continuous
spectrum of values κ (in our case these are values on
the Pekeris cut, and in the case of discretization of the
cut, the corresponding modes are logically called cut
modes [30]) is involved in solving problem (2)–(3)
through the mode coupling matrices V(r) and VT(r).
Due to mode coupling, when a signal propagates in a
waveguide with a penetrable boundary, some of the
energy will be transferred from the leaky modes to the
cut modes. However, as shown in [29, 30] for a wedge-
shaped waveguide shelf with large boundary slope
angles (from 6° to 27°), taking into account such
modes of the cut in addition to the usual waveguide
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modes is almost completely unnoticeable along the
main propagation distance. The cut modes (continu-
ous spectrum) are significant only at very low frequen-
cies <100 Hz and in local areas where the propagating
modes are cut off (the cut modes in these places pro-
vide smooth changes in the signal field). In the con-
sidered problem there are no significant differences in
the depth of the waveguide, δh(r)  H(r), and mode
cutoff does not occur during signal propagation.
Therefore, without limiting the generality of the
results of the statistical analysis, the contribution of the
continuous spectrum for the given model can be
neglected. Specially performed calculations taking into
account the cut modes showed that the error of neglect-
ing the continuous spectrum for the studied models and
propagation distances does not exceed 0.1 dB.

Figures 2–4 show the results of numerical model-
ing of the behavior of the average signal intensity in the
water layer of a randomly inhomogeneous waveguide,
which are compared with the intensity during signal
propagation in a deterministic waveguide with a
unperturbed interface H. From the curves presented in
Figs. 2, 3, it is evident that the bathymetry f luctuations
δh(r), which, as is known from the literature, scatter
the signal, increasing propagation losses. However, in
[23] it was shown that this effect in the low-frequency
region is very small for large- and medium-scale inho-
mogeneities, Lh = 1 km and Lh = 100 m, so it can be
neglected against the background of the presence of
volumetric inhomogeneities in the sound speed in the
medium. In the situation of smaller-scale f luctuations
of the interface, as follows from Figs. 2 and 3, the
decrease in signal intensity in the waveguide at a dis-
tance of r = 20 km is enhanced to ≈ 9 dB compared to
the deterministic case of a horizontal boundary. In this
case, the average intensity loss during signal propaga-
tion amounts to several decibels already at a distance
r ≈ 5 km. To confirm the result obtained in Fig. 4 for
one of the random sampling, the OWP curves
obtained by our method (3) with the curves calculated
by the well-known RAM program, which implements
the wide-angle parabolic equation (WAPE) method
[35]. Clearly, almost along the entire propagation path
0.5 km < r < 20 km, the difference between compared
curves 1 and 2 and 3 and 4, taken for different horizons
of orientation of the source and receiver, does not
exceed 1.5 dB. In practical terms, this means good
agreement between the results obtained by different
methods and indicates the adequate nature of the
decline in the intensity curves in Figs. 2 and 3.

The increase in signal intensity decay established
above is explained by the strong mode coupling and
intense energy exchange occurring between them in
the random waveguide considered. As can be seen
from Fig. 5, where the intensity of the field of individ-
ual coupling modes forming the signal is presented,
the sound energy of the least attenuated and most
energy-carrying first mode (for the considered source

!
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Fig. 2. Decay of average intensity of 250 Hz signal in waveguide with f luctuations of penetrable bottom boundary (bathymetry),
z0 = z = 24 m, Lh = 20 m. On graph: curve 1, forward scattering (OWP) approximation (solution (3) for mode amplitudes); dashed
curve 2, adiabatic approximation, Vmn = 0; curve 3, horizontal bottom boundary H (δh = 0). Upper right corner, distance range
19.5–20 km for better visualization of difference between curves 2 and 3 at large distances.
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horizon z0 = 24 m first eigenfunction of the waveguide
has a maximum) is transferred to modes with higher
numbers. However, as has been noted many times
before [21–25] and is clear from the comparison of the
intensity propagation losses in Figs. 2 and 3, the statis-
tical effect (but not the absolute value of the intensity
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Fig. 4. Comparison of 250 Hz signal intensity curves in waveguide with f luctuations of penetrable bottom boundary for some arbi-
trary random sampling δh(r), Lh = 20 m. On graph: curve 1 is OWP approximation (solution of Eq. (3)), curve 2 is calculation by
RAM program using WAPE method, z0 = z = 24 m; curve 3, OWP approximation; curve 4, calculation by RAM program using
WAPE method, z0 = 36 m, z = 32 m.
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level) depends weakly on the horizon of the source
location. A specific feature of the energy redistribution
between local modes is their fairly rapid transforma-
tion over a segment with a distance of 100 m–2 km.
Comparison with the curves of the adiabatic approxi-
mation (dashed curves in figures) shows that with dis-
tance there is a decrease in the average intensity of the
first mode, due to which an increase in the intensity
level of all other modes (second–sixth) is observed.
Moreover, the intensity levels of higher modes, start-
ing from the second, at r > 2 km are found to be con-
centrated in a fairly narrow range ≈ 8 dB between the
third and fourth modes shown in Fig. 5. It is interesting
to note that from distances of approximately 2–3 km, all
transformed modes in a statistical sense have a similar
mode attenuation coefficient, which for mode num-
bers m > 1 becomes significantly smaller than it was for
local modes at the beginning of the path, near the
source localization (there it corresponds to the adia-
batic and deterministic solutions). This is clear from a
comparison of the solid and dashed mode intensity
curves of the corresponding numbers in Fig. 5. As a
result, the difference between the intensity levels of
individual modes acquired at the original segment of
0.1 km < r < 3 km (e.g., the difference in level for near-
est first and third modes at r ≈ 3 km is ≈ 21–22 dB),
then changes little along the propagation path, and the
decay curves of all modes run almost parallel to each
other. In this case, the curves of the OWP approxima-
tion modes, including all higher modes, are located
between the curves of the first and second modes of
the adiabatic approximation and the unperturbed
waveguide (dashed curves 1 and 2 in Fig. 5). Figure 5
ACOUSTICAL PHYSICS  Vol. 70  No. 4  2024
shows that, despite the strong mode coupling in a ran-
dom waveguide, the overwhelming contribution to the
signal field under conditions of a highly penetrable bot-
tom boundary comes from the first mode. At r > 2 km the
difference between the levels of average signal intensity
and the levels for its first mode does not exceed 0.5 dB.
It is also important to make a remark regarding the
adiabatic approximation. Although this approxima-
tion takes into account f luctuations in the mode
eigenvalues under the influence of random irregulari-
ties of the interface (see Fig. 1b), for the intensity, it
virtually coincides with the deterministic solution in a
waveguide with a horizontal bottom boundary (Fig. 2
and the inset in the right corner of this figure). There-
fore, the adiabatic approximation does not describe
the true statistical solution, which was already dis-
cussed above in the section on formulation of the
problem. It should be emphasized that in each individ-
ual sampling, the adiabatic approximation also gives
an incorrect solution, which differs even more from
the OWP solution than the average statistical one in
Figs. 2 and 3. One of the reasons for this is the indi-
cated fact of the overwhelming contribution of the
first mode to the signal field. Fluctuations of the
boundary, as can be seen in Fig. 1b, cause the greatest
perturbations of the eigenvalues not of the first modes,
but of modes with higher numbers. However, they
quickly decay with distance and do not contribute to
the signal propagating in the waveguide. In this case,
in the adiabatic approximation, the value of the char-
acteristic scale of f luctuations Lh does not affect the
fact that the statistical solution differs weakly from the
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Fig. 5. Average intensity of individual modes of 250 Hz signal in waveguide with f luctuations of bottom boundary, Lh = 20 m,
z0 = z = 24 m. Solid curves 1, 3, 4 are intensities of modes of these numbers in forward scattering (OWP) approximation; dashed
curves 1, 2 are adiabatic approximation (Vmn = 0).
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deterministic one. For “adiabatic” scattering, the
same conclusion is valid in the case of inhomogene-
ities of the boundary of both media, Lh = 100 m, and
large scales, Lh = 1 km [23].

Figures 6 and 7, using the scintillation index S,
present additional information on fluctuations in the
sound field intensity in the waveguide [31, 36], which
confirms the specific behavior of modes in the wave-
guide under the influence of a statistically rough
water–bottom sediment interface. Note the following.
Fluctuations in the intensity (scintillations) of the
sound field in the waveguide are generally character-
ized by fairly small values, which are inherent in the
fluctuations of the intensity of the first mode along the
entire propagation path: S1 < 0.25. The intensity f luc-
tuations are particularly small, S  1, for the solution
in the adiabatic approximation (Fig. 6, curves 1).

Except for the distance range r < 3 km, where oscil-
lations of the interference structure are present (as in
Fig. 5 for individual coupling modes), the scintillation
curves on the graphs in Fig. 6 are quite monotonic.
The slow growth of the curves with distance is due to
the monotonic decrease in the average intensity in the
waveguide. Figure 7 shows that for individual modes,
the range 0.1 km < r < 2 km of transition to establish-
ment of a stationary regime of f luctuation saturation
ends quite quickly. As expected, the higher the mode
number, the more pronounced the f luctuations in its
intensity are (cf. Fig. 1b). So, for the mode with the
number m = 6, scintillations exceed level 1, that is, the

!

intensity f luctuations of this mode are strong; their
magnitude is comparable to the level of the average
intensity itself. However, this does not in any way
affect the pattern of average losses during propagation
due to the smallness of the absolute intensity level of
higher-number modes.

4.2. Reflective Bottom Boundary

Let us now conduct a comparative analysis of the
results obtained above for a highly penetrable ran-
domly inhomogeneous bottom boundary with the
results for the reflecting boundary of the waveguide:
n ≈ 0.91(1 + 0.02i), c1 = 1600 m/s. For a boundary
with such an impedance, six propagating coupling
modes are formed in the water layer of the waveguide;
in addition, three leaky modes were taken into account
in numerical modeling. Since the number of weakly
damped modes is now increased, the intensity pattern
in the waveguide is characterized by an oscillatory
structure due to intermode interference, which is
expressed not only in the first few hundred meters of
the path, but also at long distances. This is especially
true when the source and observation points are
located near the bottom. In order to analyze statistical
effects without complicating the graph material with
details of the interference structure, let us consider,
where it makes sense, spatially smoothed dependences
of the intensity and its scintillations, i.e., expression (4)
for the incoherent sum of modes (m = l). Figure 8,
similar to Fig. 1b, shows f luctuations in the eigenval-
ACOUSTICAL PHYSICS  Vol. 70  No. 4  2024
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Fig. 6. Development of scintillation index of sound field intensity and individual modes in waveguide with statistically rough
highly penetrable boundary, Lh = 20 m, z0 = z = 24 m. Curves correspond to curves in Fig. 5: (1) fluctuations in intensities of total
field and field of first mode (dash is visible on graph at beginning of path) in adiabatic approximation; (2) forward scattering, fluctua-
tions in intensity of total field; (3) similar to curve 2, but for first mode; (4) fluctuations of total field intensity for z0 = 36 m, z = 32 m.
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ues κm(r) along the propagation path of the waveguide
in one arbitrary sampling. Clearly, the amplitude of
fluctuations in the eigenvalues of higher modes
increases; the variance can reach 5−10%, so that the
ranges of variation in κm(r) begin to intersect (e.g., for
κ8(r) and κ9(r)). Since Vmn ~ (κm – κn)–1, for such dis-
tances, the coupling of neighboring higher modes will
obviously be enhanced. However, this does not mani-
fest itself in the behavior of the total field intensity due
to its very low level for higher modes.

The graphs in Fig. 9 indicate that in the case of a
reflective rough bottom boundary, compared to a
highly penetrable boundary (cf. curves in Fig. 2),
attenuation of the average intensity is significantly
reduced (by ≈8 dB at a distance of 20 km), so that the
difference between the OWP curves and curves of the
adiabatic approximation and a horizontal bottom is no
greater than 1 dB. In this case, local modes with num-
bers m > 1 propagate better, their mode attenuation
coefficient due to interaction with the bottom is much
smaller. Therefore, in the case of a reflective bound-
ary, the portion of energy that is redistributed in the
waveguide between the first four weakly attenuating
modes and the high-numbered modes subject to more
significant attenuation turns out to be significantly
smaller compared to the situation for a highly penetra-
ble boundary. These features are reflected in Fig. 10
(cf. Fig. 5). In the case of a ref lecting boundary at the
beginning of the propagation path, local modes of
higher numbers, “pulling” energy from the first
ACOUSTICAL PHYSICS  Vol. 70  No. 4  2024
modes, have a lower mode attenuation coefficient; i.e.
their energy is transferred more weakly from the water
layer of the waveguide to the sedimentary layer at the
stage of formation of the modes of the stochastic wave-
guide 0.1 km < r < 12 km. At r > 12 km, all waveguide
modes acquire a similar mode attenuation coefficient,
which is significantly smaller in magnitude for the
reflecting boundary than for the penetrable boundary.
The difference between the intensity levels of individ-
ual modes acquired over a segment 0.1 km < r < 12 km
(e.g., the difference in the levels of the curves for the
nearest first and third modes at r ≈ 12 km is ≈ 30 dB),
then changes little along the propagation path.

Declining curves of modes with numbers m > 1 run
almost parallel to each other in a narrow intensity
range ≤ 10 dB, and the curves of all nine modes of the
OWP approximation are located between the curves of
the first and fourth modes of the adiabatic approxima-
tion (dashed curves 1, 4 in Fig. 10). In Fig. 11, a com-
parison of the laws of intensity decay, averaged over
the spatial scale of interference, for different horizons
shows patterns similar to the curves in Figs. 2 and 3 for
a highly penetrable bottom interface of a random
waveguide; however, the difference in the levels of the
OWP and adiabatic curves is significantly smaller,
within ≈ 1 dB. The adiabatic approximation, shown by
the dashed curves, in this case also corresponds almost
completely to a waveguide with a horizontal f lat bot-
tom, i.e., in the absence of disturbances of the bottom
boundary.
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Fig. 7. Development of scintillation index of intensity of individual modes in waveguide with statistically rough highly penetrable
boundary, Lh = 20 m, z0 = z = 24 m. Curves on graph are scintillations of modes with indicated numbers 1, 2, 3, 6.
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Fig. 9. Decay of average intensity of 250 Hz signal in random waveguide with f luctuations of reflecting bottom boundary,
z0 = z = 24 m, Lh = 20 m. On graph: curves 1, forward scattering approximation (3); dashed curve, adiabatic approximation
(Vmn = 0); curve 2, horizontal bottom boundary H (δh = 0). Upper right corner, distance range 19–20 km for detailing curve
structure at end of path.
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The scintillation curves in Fig. 12 for the sums of
incoherent mode in (4) obviously indicate the absence
of strong f luctuations in signal intensity, but for the
localization of the source and receiver near the rough
bottom boundary, where the contribution of higher-
numbered modes is more significant, these intensity
fluctuations are somewhat larger than for the middle
ACOUSTICAL PHYSICS  Vol. 70  No. 4  2024
part of the waveguide. Compared to the case of a
highly penetrable bottom boundary, the signal scintilla-
tions in Fig. 12 are characterized by approximately the
same levels, and in general the curves are similar to the
curves in Fig. 6. For individual modes, the scintillation
graphs do not provide additional information compared
to Fig. 7 and are therefore not presented here.
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Fig. 11. Average intensity of 250 Hz signal in random waveguide with f luctuations of reflecting bottom boundary for different
source and receiver locations, Lh = 20 m. Solid curves, forward scattering approximation (3) for z0 = 36 m, z = 32 m, and z = z0 =
24 m; dashed curves, adiabatic approximation for indicated horizons.
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Fig. 12. Development of scintillation index of sound field intensity in waveguide with statistically rough reflective boundary,
Lh = 20 m. Solid curves, forward scattering for horizons z0 = z = 24 m and z0 = 36 m, z = 32 m. Dashed curves (lower), adiabatic
approximation for same horizons.
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5. CONCLUSIONS

In this article, the behavior of average intensity val-
ues and their scintillations during the propagation of a
low-frequency sound signal in a stochastic waveguide
with a randomly rough bottom boundary is investi-
gated using statistical modeling. The situation of fairly
small-scale boundary irregularities with not too small
f luctuation amplitude is considered. In addition, two
types of rough boundaries are analyzed: a highly pen-
etrable bottom boundary and a boundary with signifi-
cant reflectivity. The waveguide itself, from the view-
point of stratification of the parameters, was assumed
ACOUSTICAL PHYSICS  Vol. 70  No. 4  2024
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to be homogeneous, both in the water layer and in the
liquid bottom sediments, which made it possible to
abstract from disturbances of the sound signal by vol-
umetric inhomogeneities in the sound speed and to
study in its pure form the features of the influence of
random fluctuations of the bottom boundary. In prac-
tical terms, a waveguide of this type can serve as a good
model of shallow-water sound propagation in areas of
some seas of the Arctic shelf. It is in these latitudinal
regions that, from both a theoretical and a field obser-
vational viewpoint, internal waves are almost absent
(probably with the exception of the relatively deep
Barents Sea in the summer season), which in most
other regions of the World Ocean are the main random
disturbance leading to volumetric f luctuations in the
sound speed and stochastic behavior of acoustic sig-
nals. The statistical modeling performed showed the
following.

1. Small-scale disturbances of the bottom bound-
ary can lead to noticeable changes in the law of decay
of the average signal intensity in shallow water. The
attenuation of intensity at distances of 10−20 km, typ-
ical for shallow-water sound propagation in Arctic
shelf zones with gas-saturated sediments, under the
influence of random disturbances of the bottom
boundary can reach 5−10 dB.

2. This result differs from the previously obtained
conclusion for medium-scale and large-scale irregu-
larities of the penetrable boundary [23], which, as it
turned out, have practically no effect on the propaga-
tion of the signal in the waveguide, therefore, against
the background of other irregularities, large-scale
fluctuations of the boundary can be neglected.

3. The obtained result of the influence of small-
scale f luctuations of the water-bottom sediment inter-
face, leading to energy losses of the signal with dis-
tance, is directly opposite to the influence of volumet-
ric random inhomogeneities of the sound speed on the
signal. The latter are present in the thickness of bottom
sediments of the shallow shelf of the Arctic seas, or in
the water layer of seas of lower latitudes, which have
stratification and disturbances in the form of internal
waves. Large-scale volumetric inhomogeneities of the
sound speed lead not to an increase, but to a weaken-
ing of the decrease in the average intensity in the wave-
guide [20–22, 24].

4. The specific behavior of the intensity of individ-
ual modes in an arctic-type waveguide with small-
scale irregularities of the bottom boundary is mani-
fested in the strong coupling of local modes. As a result
of the transformation, the first mode in the waveguide,
as a rule, the most energy-carrying and weakly
damped, quite quickly (at a distance of 2−3 km) trans-
fers a significant part of its energy to higher modes.
For this reason, in comparison with the region of dis-
tances adjacent to the source, an increase in the atten-
uation of the first mode is observed, while the modes
ACOUSTICAL PHYSICS  Vol. 70  No. 4  2024
of higher numbers, conversely, acquire a significantly
smaller (original) mode attenuation coefficient, which
actually differs little from the coefficient of the first
mode. However, in a waveguide with a highly penetra-
ble bottom boundary, the total signal intensity along
the entire propagation path is determined mainly by
the intensity of the first mode.

5. Changing the impedance properties of the bot-
tom boundary from strong sound transmission to sig-
nificant reflection does not fundamentally change the
effect of small-scale disturbances of the boundary.
The average intensity also attenuates in the waveguide
due to the energy losses of the first (first, second,
third, and fourth) modes, but attenuates much more
slowly, since at the beginning of the propagation path,
local modes of higher numbers, “pulling” energy from
the first modes, have a lower mode attenuation coeffi-
cient, i.e. they carry away energy from the water layer
of the waveguide into the sediments less strongly.

6. The scintillation index in the problem consid-
ered demonstrates features that confirm the conclu-
sions regarding the behavior of the average signal
intensity. The pattern of average intensity f luctuations
shows the presence of two distance regions in the
waveguide. The original segment corresponds to dis-
tances up to 2−10 km (depending on the type of
boundary), at which intensive redistribution of energy
between local modes occurs and stochastic waveguide
modes are formed. The second region is characterized
by monotonic behavior of scintillations associated
with the achievement of a quasi-stationary f luctuation
saturation regime. However, for both types of bound-
aries, both penetrable and reflecting, the scintillation
index indicates the absence of strong intensity f luctu-
ations during signal propagation in a waveguide with a
randomly rough bottom boundary. This conclusion
differs from the behavior of intensity f luctuations in a
waveguide with random volumetric inhomogeneities
of the sound speed.

7. The adiabatic approximation, which does not
take into account mode coupling, for a waveguide with
small-scale f luctuations of the bottom boundary leads
to incorrect results, both in statistical terms and in
individual realizations of the signal intensity. This is
primarily evident for the highly penetrable bottom
boundary, as well as for individual modes that form the
field. The adiabatic solution differs little from the
solution for a waveguide with an unperturbed horizon-
tal boundary. This is due to the boundary condition of
the plane-layered comparison waveguide, which is
used in calculations using the adiabatic approxima-
tion. Therefore, the results of the adiabatics differ
greatly from the conclusions for randomly inhomoge-
neous waveguides with volume fluctuations of the
sound speed (but horizontal boundaries), where the
adiabatic solution for the average intensity is often
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close to OWP solution (3), which takes into account
mode coupling in a perturbed waveguide.

APPENDIX A

BRIEF DERIVATION OF EMBEDDING 
EQUATIONS FOR THE AMPLITUDES 

OF MONOCHROMATIC SIGNAL MODES 
IN THE CASE OF A TWO-DIMENSIONALLY 

INHOMOGENEOUS MEDIUM IN AN AXIALLY 
SYMMETRIC FORMULATION

OF THE PROBLEM.
Instead of the second-order equation for sound

pressure (1), for further derivation it is convenient to
consider the linear first-order acoustics equations for
sound pressure fields p and the particle velocity com-
ponent—w, vertical; v, horizontal—with the corre-
sponding conditions, formulated in Section 2, of con-
tinuity of these functions, boundary conditions along
the vertical coordinate z on the sea surface and bot-
tom, and the radiation conditions

According to the cross-sectional method, we seek a
solution in the form of convergent expansions in local
modes (comparison waveguide modes):

(A1)

Substituting expansions (A1) into the equations
taking into account the property of orthonormality of
modes leads to equations for the mode amplitudes
Gm(r) and Fm(r), m = 1…M:
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Let us now formulate the boundary value problem
for Eqs. (A2) in the horizontal plane as follows. We
assume that the medium, which is inhomogeneous in
the horizontal plane, is located within the boundaries
r ∈(L, L0) and is at some arbitrary distance from the
source, which is placed at the origin of the cylindrical
system. It is convenient to consider the wave zone of
the source, κmL  1, since the statistical effects of
interest to us appear at significant distances from the
source. In this case, in the second equation of the sys-
tem, the term Fm(r)/r should be neglected due to its
smallness, and when formulating the boundary condi-
tions, we should switch from cylindrical functions to
exponentials. From functions Gm(r), Fm(r) it is expedi-
ent to single out the factor of cylindrical divergence
D(r)= i[8πir]−1/2, which arises in the asymptotics of
cylindrical functions and does not affect the derivation
of subsequent equations. In the ranges 0 < r ≤ L, r ≥ L0
inhomogeneities in r are absent; i.e., the medium is
plane-layered with mode number values κm=  and

κm= . The type of solution in these regions is
known, since it is described by homogeneous
Eqs. (A2) with constant coefficients without mode
coupling:

(A3)

where Rm(L) is the mode reflection coefficient in sec-
tion r = L, and Tm(L0) is the mode transmission coef-
ficient in section r = L0. Thus, the original conditions
to formulate the boundary value problem for mode
amplitudes for r ∈ (L, L0) are the following

(A4)

and expressions (A3) in layered regions of the medium
0 < r < L, r > L0. Based on the continuity of functions
Gm(r), Fm(r), the boundary conditions for Eqs. (A4)
can be formulated as follows:
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(A6)

Here am(L) = 2iϕm(0,z0) (L)exp[iκm(L)L]
describes the amplitude of the source induced in the
section r = L of the incident mth mode. The second
condition (A6) corresponds to the free passage of the
mth mode from an inhomogeneous to a layered
medium for r > L0. Boundaries of the irregular part of
the waveguide (L, L0) are assumed to be consistent

with the layered medium, i.e.,  = κm(L),  =
κm(L0) (the jumps in the parameters of the medium are
absent or small enough for rapid convergence of
expansions (A1)).

To reformulate boundary value problem (A4)–
(A6) for mode amplitudes, note that the solution to
this problem depends on the position of the boundary
L of the region of inhomogeneities to which modes
arrive from the source; i.e., the functions Gm(r), Fm(r)
depend on L, albeit implicitly. Therefore, acting in a
standard manner [37, 38], we consider the parametric
dependence of the functions Gm and Fm on the position
of the boundary L: Gm(r) ≡ Gm(r; L), Fm(r) ≡ Fm(r; L).
Let us emphasize that these are the same functions,
only with a separate dependence on the position of the
boundary to which the modes arrive from the source.
Differentiating with respect to the parameter L
Eqs. (A4) and boundary conditions (A5), (A6), com-
paring them with the original boundary value problem
(A4)–(A6) it is easy to see that the structure of the
Eqs. (due to their linearity) will not change, as a result
for each of the functions Gm(r; L) and Fm(r; L) it is pos-
sible to obtain a system of closed equations for the
parameter L with the original conditions. Since in this
study the embedding equations are needed to carry out
calculations, then from the viewpoint of the computa-
tional procedure, it makes sense to simplify the
boundary value problem (A4)–(A6) by removing
unnecessary parameters. To do this, we select a col-
umn vector of the amplitudes of the modes  inci-
dent on an irregular medium, with elements bm(L) =

ϕm(0, z0)  (L)exp[iκm(L)L], m = 1…M, and we
consider the solution to the problem of mode transfor-
mation in an irregular medium, but with modes with
the unit amplitude incident on it [37], based on matrix
notation of the following form:

where  are the column
vectors of the mode amplitudes of boundary value
problem (A4)–(A6), and G(r; L) and F(r; L) are
square matrices of dimension M × M, satisfying the
boundary value problem

( ) ( ) ( )κ − =0 0 0 0.m m mi L G L F L
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(A8)

(A9)

In (A7)–(A9) κ(L) is the diagonal matrix of eigen-
values κm(L), and we immediately included parameter L
in the number of arguments of functions G and F. After
differentiating (A7)–(A9) in terms of L, we obtain the
following boundary value problem:

(A10)

(A11)

(A12)

Revealing the derivatives in (A11),

based on (A7), (A8), for brevity denoting the derivative

κ'(L) = κ(L), we obtain

(A13)

(A14)

(A15)

Comparing boundary value problems (A7)–(A9)
and (A13)–(A15), we see that they coincide if
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(A16)

Equalities (A16) can be considered linear differen-
tial embedding equations if they are supplemented
with the appropriate original conditions

and the matrix G(L; L) is considered known for each

fixed r. For this matrix, from the equality  =

 + , and also using (A16), we

have the matrix Riccati equation:

(А17)

with the original condition G(L0; L0) = E, following
from (A8), (A9) at L → L0. Thus, we have obtained
embedding equations (A16), (A17) for finding the matrix
G(r; L) (and F(r; L)), after which, by calculating

, we obtain a solution to the boundary
value problem for mode amplitudes (A4)–(A6). An
essential circumstance in deriving the embedding
equations is linearity of boundary value problem
(A4)–(A6), as a result of which, when differentiating
the equations with respect to parameter L, their struc-
ture does not change; therefore, relations (A16) are
valid. To find the matrix C(L), it remains only to find
the derivative with respect to L in boundary condition
(A11), as demonstrated in detail in (A14).

Equations (A16), (A17) and similar equations for
the matrix F(r; L) are completely equivalent (after
transformation to vector form) to the original equa-
tions of the cross-sectional method for the wave zone
of the source. Equation (A17) is the matrix Riccati
equation describing the field in each section of an
inhomogeneous medium when a mode of unit ampli-
tude is incident this section. This field G(L; L) is the
sum of the incident and backscattered fields in each
cross section: G(L; L) = E + R(L; L). For the back-
scattered field R(L; L), which we call the reflection (or
scattering) coefficient of modes in an arbitrary cross
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section, it is easy to write the corresponding equation,
which has a form similar to (A17), with the original
condition R(L0; L0) = {0} (zero matrix).

In most wave problems of acoustic signal propaga-
tion in inhomogeneous media, the backscattered field
is neglected, and one passes to approximate methods
of one-way propagation: the WKB method and the
parabolic equation method [11–13]. In order to pass to
one-way propagation of modes, in Eqs. (A16), it is
necessary to set the reflection coefficients of the
modes R(L; L) equal to zero in each section of the
medium, i.e., instead of the exact solution of
Eq. (A17), set  Obviously (see the original
condition for (A17) and condition (A3)), the last
equality corresponds to free passage of a mode
through an arbitrary section of the medium; thus,
backscattering of modes is removed from consider-
ation. Substituting the expression  into the
formula for C(L) leads to its simplification, and (A16)
takes the form of expression (3) from Section 2 of this
article. Thus, if the backscattered field is small (typical
value of the reflection coefficient modulus |Rm(L)| for
significant modes in the problem under study is within
10−3–10−2), then it should be neglected, and the
matrix Riccati equation should not solved. For modeling,
one should use Eq. (A16), substituting into it the known
functions G(r; r), С(r). The result is expression (3).

Note that matrix equation (A16) in one-way prop-
agation approximation (3) allows for an exponential
representation of the solution (in terms of a matrix
exponent). This forms the basis for the statistical mod-
eling in this article. For this, we pass from Eq. (A16) to
the equation for transposed matrices, i.e.,

and also perform the substitution GT(r; L) =
 to remove from the equation the

term with the derivative of the eigenvalue matrix
κ−1(L)κ'(L). The solution to the resulting equation

is represented by means of the matricant [39]:

Obviously, in the considered one-way propagation
approximation, the equations can be integrated both
in terms of L for fixed r, and in terms of r for fixed L
(with opposite sign). If at each step Δrk = rk+1 − rk of
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the computational procedure Q(r) approximates the
constant matrix

where θ(r) is the unit function {θ = 0 for r ≤ 0, θ = 1 for
r > 0}, then the matricant is represented by the product
of the matrix exponentials [39]

In model calculations, this makes it possible to
simplify the numerical algorithm and increase the cal-
culation speed. As well, to obtain the horizontal
dependence of the mode amplitudes at each kth step of
calculations, inverse transitions from matrices  to
matrices  Gk and to the vector  of the mode
amplitudes are carried out.
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