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Abstract—Field measurements of sea waves have been carried out off the coast of Sakhalin Island using an
array of three bottom pressure sensors. The stability of statistical characteristics estimated by independent
devices comprised in the array has been analyzed. The probability distribution of wave heights qualitatively
corresponds to the Glukhovsky distribution but exhibits a lower probability of high wave occurrence. The spa-
tiotemporal spectra of waves are reconstructed. It is shown that the angular distribution of the spectral density
of waves over two days of measurements is well described by the theoretical cosine squared distribution, and
its width varies in the range of 50°–90°. The dominant direction of wave propagation is from the northeast.
An independent method is proposed for estimating the local water depth by data from the array.
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INTRODUCTION
The importance of problems of adequate descrip-

tion of wind waves, including the dynamic and prob-
abilistic aspects, estimates of maximum possible
waves and frequency of their repeatability, under-
standing of the laws of generation, development, and
propagation of wind waves, is out of question. The
already existing models are steadily developed with
allowance for better physical understanding and
improvement of the mathematical and computa-
tional apparatus; they are reviewed with involvement
of new laboratory and field data.

The Special Research Bureau for Automation of
Marine Researches, Far East Branch, Russian Acad-
emy of Sciences, for the last approximately 15 years
carries out instrumental measurements of sea waves
near the coast of Sakhalin Island by recording varia-
tions in bottom pressure. The measurement cam-
paigns were implemented with installation of one or
several autonomous sensors for a period of up to six
months. The results of processing of measurements for
different years were presented in (Zaitsev et al., 2011;
Kuznetsov et al., 2014; Didenkulova and Zaitsev,
2019; Kokorina et al., 2022; Slunyaev et al., 2023a).
Main attention is paid to ranges of characteristics of
the recorded waves (periods, heights), extreme waves

(frequency of appearance, maximum amplifications,
shape), probability distributions of waves, including
anomalously high waves (rogue waves). In particular,
in a recent work (Slunyaev et al., 2023a), the measure-
ment data were transformed to dimensionless charac-
teristics for better correspondence with acting physical
mechanisms. In addition, large variability of physical
conditions of measurement at only one point of wave
detection (related, in particular, to the change in wave
periods) and adequacy of the Glukhovsky distribution
for describing the probability distribution of heights of
nonlinear waves were shown for a considerable part of
the measurements.

The obtained data of full-scale records are of great
interest in the aspect of verifying the extreme wave
pattern obtained by results of direct numerical simula-
tion (for example, (Slunyaev and Kokorina, 2020)).
Numerical simulation of the evolution of irregular
waves within the framework of dynamic equations of
hydrodynamics (Monte Carlo simulation) is used as a
more careful but laborious alternative to the calculation
of kinetic equations (see the review (Slunyaev et al.,
2023b)). The latter use a number of approximations
(first of all, assumptions about randomness and non-
correlatedness of waves and slowness of the nonlinear
evolution), which makes it impossible to describe rap-
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idly developing nonlinear processes associated most
of all with the phenomenon of rogue waves. Wave
conditions are described using parametric frequency
spectra S(ω), e.g., the Pierson–Moskowitz spectrum
or JONSWAP (Massel, 1996; Holthuijsen, 2007;
Lopatukhin, 2012). Since the primitive hydrodynam-
ics equations are solved for time derivatives, the solu-
tion of the initial problem is the most natural. Then, to
specify the initial conditions, the frequency spectrum
should be transformed into the spectrum of wave vec-
tors S(k). This usually presupposes factorization of the
directional wave spectrum of the form S(k) = S(k)D(θ),
where k = |k| is the modulus of the wave vector and θ is
its corresponding angle in the horizontal plane for a
certain model directional distribution function D(θ).
We carry out such calculations for conditions of a large
and finite depth (Slunyaev and Kokorina, 2020;
Slunyaev, 2023); they are also actively carried out by
other research groups, e.g., (Xiao et al., 2013; Ducrozet
et al., 2016; Kirezci et al., 2021; Wang et al., 2021;
Chalikov, 2023).

Information about angular spectra of waves is
important both for interpreting measurement data at a
single spatial point (in particular, extraction of wave
systems that mix in the frequency spectrum) and for
estimating dynamic and probabilistic properties of
wind waves. It is known that conditions of crossed
wave breaking considerably differ from those for uni-
directional waves (Babanin, 2011); the picture of
nonlinear wave interactions depends heavily on the
angular distribution, including the dependence of
conditions of modulational instability of waves the
development of which leads to extremization of waves
(Onorato et al., 2009).

An array of three synchronized bottom pressure
sensors was installed in October 2022 in Mordvinova
Bay especially to acquire data about angular distribu-
tion of wind waves. Using systems of spaced string
wave recorders is a standard way of measuring direc-
tional waves on the sea surface (e.g., (Davidan et al.,
1978; Young, 1994; Donelan et al., 1996)). Distributed
systems of bottom pressure stations were also used for
tracking the wave propagation, e.g., (Squire et al.,
2021). When using bottom pressure recorders, infor-
mation about the directional wave spectrum is usually
acquired by additional measurements (for example,
fields of f lows), see (Montoya and Dally, 2016). The
measurement of angular spectra of waves based only
on data on pressure variations near the bottom was
carried out near the Atlantic coast of North Carolina
(Currituck Spit, United States) during about 23 years
(Long and Oltman-Shay, 1991; Long, 1994). The sys-
tem consisted of nine devices placed on one line with
a total length of more than 200 m along the 8-m iso-
bath and the tenth sensor shifted by 5 m towards the
sea. The devices were placed at different distances
from each other, optimally for using the iterative max-
imum likelihood estimator method for reconstructing
the angular spectrum. The devices were powered by
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cable. Apparently, arrays of bottom pressure sensors
were not used previously in Russian water basins for
records of directional waves of the wind range.

In this work, results of bottom pressure records
from an array of three sensors during one month are
processed. These data are used both to determine
capability of this measurement scheme, including
cross-validation of instrumental data from different
sensors, and to reconstruct spatial spectra of direc-
tional waves, including the estimate of typical widths
of angular spectra and profiles of their distributions
required in problems of direct numerical simulation of
irregular sea waves. Also, probabilistic properties of
the measured waves under conditions of intense and
weak waves are analyzed. It is discussed that the pres-
ence of simultaneous information about the spatial
and frequency spectra can be used for independent
estimation of the measurement point depth.

1. CONDITIONS OF THE FIELD EXPERIMENT 
AND INSTRUMENTAL DATA

An array of three energy-independent pressure
sensors rigidly fixed on a metal frame was installed on
the bottom in Mordvinova Bay of the Sea of Okhotsk
near the eastern coast of the southern part of Sakha-
lin Island (Fig. 1) on October 19 and raised on
November 24, 2022. The bay is open for the entry of
waves from the east from the Sea of Okhotsk. The
region is separated from the Pacific by the Kuril Ridge.
The sea bottom drops to the 100-m mark with the dis-
tance of more than 20 km from the shore. The array
was not far from the Krasnoarmeiskaya branch con-
necting the Tunaicha lake-like lagoon with the sea.
According to data of previous measurement cam-
paigns, water salinity at the installation place lies
within 32–33 PSU and varies insignificantly.

The array is an equilateral triangle with a side
length Δl = 1.5 m at the vertices of which there are
independent sensors (see the scheme in Fig. 2) based
on Microtensor D 0.25-T temperature-compensated
piezoconverters of excessive pressure with a resolving
capacity of 0.01% in a pressure range from 0 to 0.25 MPa.
The sensors were calibrated before and after the exper-
iment; they were synchronized before the immersion.
The array was installed horizontally at a depth of about
11.5 m. The estimate of the difference between actual
sensor depths according to the obtained data was
about 1%. The side with the sensors A and B is elon-
gated from south to north; the sensor C is oriented to
the east. The initial measurement data used for the
analysis are about 800 h of continuous records of pres-
sure P(t) with a frequency of 8 Hz, from October 20 to
November 23.

The total pressure measured by bottom sensors is
composed of hydrodynamic pressure and air column
pressure, P(t) = Phyd(t) + Patm(t). Variations in the
hydrodynamic pressure are caused by passage of waves
 Vol. 60  No. 6  2024
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Fig. 1. Place of measurements (46°51′50.26′′ N, 143°10′30′′ E).
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Fig. 2. Scheme of the array of three sensors. The Ox axis is
directed to the east; the Oy axis, to the north.
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with different lengths and heights. The atmospheric
pressure component Patm is taken to be constant at the
time of array immersion. The initial data P(t) were
processed using a low-frequency filter eliminating all
variations with periods of more than 10 min which are
associated with intense variations in atmospheric pres-
sure, tidal, driven effects, etc. The record from sensor
A after filtering is shown in Fig. 3. Following the stan-
dard procedure, long records from the sensors were
divided into nonintersecting intervals of 20 min each
which are assumed to be statistically homogeneous.
For each of the 20-min samples, the point depth h
was determined in terms of the hydrostatic formula for
the mean determined for the considered time interval
by the initial nonfiltered series: h = /(ρg), where
ρ = 1023 kg/m3 and g = 9.81 m/s2 is the water density
and acceleration of gravity, respectively. Ignoring pos-
sible long-term variations in atmospheric pressure
leads to an error in the depth estimate. For a realistic
pressure drop of 175 mm Hg, the equivalent height of
a water column is up to impressive 2.4 m. However, in
the interval of dates of measurements, the spread of
atmospheric pressure was only 19 mm Hg (Weather-
Archive.ru), which provides the error in the estimate
of the depth of not more than 26 cm. The depth aver-
aged over the whole time of measurements was 11.5 m;
we treat it as a conventional depth of the point of array
installation. Variations in depths h in the measured
data with respect to this average value reach 2 m. The
corresponding range of values of the dimensionless
depth parameter kh (here, k is the wavenumber deter-
mined for each 20-min sample by the characteristic

hydP
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period of waves in accordance with the dispersion rela-
tion, as it is discussed in Section 2) turns out to be rather
wide, from 0.5 to 1.7. Therefore, the discussed measure-
ments carried out at a single point in fact correspond to
conditions from shallow to relatively deep water.

In this work, filtered data on pressure Phyd, filt(t) are
recalculated to the displacement of the sea surface over
the measurement point η(t) using the hydrostatic the-
ory, by analogy with the previous works (Zaitsev et al.,
2011; Kuznetsov et al., 2014; Kokorina et al., 2022;
IC AND OCEANIC PHYSICS  Vol. 60  No. 6  2024
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Fig. 3. Record of the surface displacement after filtering of long waves. Here and below, the labels on the top correspond to begin-
ning of days; on the bottom, the time relative to the conventional time of the beginning of measurements in hours.
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Slunyaev et al., 2023a): η(t) = Phyd, filt(t)/(ρg). It can be
applied only under conditions of shallow water and lin-
earity of waves, which is by no means always the case for
the measurements under discussion. The effects of
deviation from the hydrostatic theory are neglected in
this work. For this reason, one may believe with a great
deal of rigor that the investigation carried out below
concerns records of bottom pressure.

2. GENERAL PICTURE 
OF CHARACTERISTICS 
OF MEASURED WAVES

As described above, the instrumental data series
was divided into a sequence of 20-min zero mean
record segments of the surface displacement,  = 0.
For each of the intervals, averaged values of character-
istics were determined: the standard deviation σ and
the significant height Hs = 4σ related to it; the fourth
central statistical moment for the surface displacement
m4 = /σ4 – 3 (the kurtosis); the mean period of
waves after crossing the zero level Tz; and others. The
evolution of the aforesaid quantities during the mea-
surements is presented in Fig. 4. Since the measure-
ments were carried out simultaneously by three sen-
sors placed at a short distance from each other (as
compared to the wavelength), the values used are aver-
aged over three sensors (the black line); the light green
symbols in Fig. 4 represent values of the correspond-
ing parameter for each of the three sensors.

Ther significant height (Fig. 4a, the black line) for
the whole measurement period was about 20 cm on
the average (see the diagram of the condition imple-
mentation frequency in the right-hand part of the fig-
ure). One may distinguish three intervals in which the
intense wave was recorded; their beginnings corre-
spond approximately to times t = 80, 200, and 600 h
from the conventional time of the measurement start
in the midnight of October 20 (see the scale above the
figure). According to meteorological data for Yuzhno-
Sakhalinsk (WeatherArchive.ru), they correspond to
heavier winds of up to 3 m/s on October 22–23, to
4 m/s on October 28–29, and to 7 m/s on November

η

4η
IZVESTIYA, ATMOSPHERIC AND OCEANIC PHYSICS 
13 (i.e., two or three days before the observed maxi-
mum of the significant height). The first two cases are
characterized by the rapid increase in Hs to a value of
about 1 m and further slow decrease to the background
value. The last episode is relatively long; the significant
wave height reached 3 m and the maximum height by
the estimate of the surface displacement reconstruction
was H = 4.3 m. According to surface weather maps of
the Japan Meteorological Agency, a cyclone passed on
November 12–14 south of the island from west to east
with a wind speed of up to 35 knots (65 km/h).

Values of the fourth statistical moment m4 in the
sequence of 20-min samples are constructed in Fig. 4a
by red symbols for all three sensors in the same axes as
the significant height Hs; however, they are dimen-
sionless quantities. In most cases, values of the kurto-
sis are close to zero corresponding to a random Gauss-
ian process but distributed around this value rather
widely, see the diagram in the right-hand part of the
figure. Values m4 = 1 and larger are not infrequent,
which should correspond to higher probability of high
waves as compared to normal statistic. The average
value of m4 is a little less than zero. It is clearly seen
that values of m4 in the storm period move below zero,
i.e., the probability of the appearance of big waves as
compared to Hs significantly decreases. In the data
presented, large values of the kurtosis are imple-
mented under conditions of waves with a small signif-
icant height.

Periods of waves Tz were determined by two meth-
ods: up zero-crossing and down zero-crossing as
applied to time series. Both methods yielded very close
estimates of wave periods; for this reason, Fig. 4b pres-
ents results of only one of them (up zero-crossing). As
judged by the figure, the initial moments of all three
time intervals of intense wave recording correspond to
conditions of relatively short waves with periods of less
than 6 s which then became longer. In general, charac-
teristic periods of waves varied in the range of 6–14 s,
partly sharply, leading to significant changes in the
parameter of the local dimensionless depth from
kh = 0.5 to kh = 1.7, as is shown in Fig. 4c (we recall
that the estimate of long-period changes in the depth
 Vol. 60  No. 6  2024
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Fig. 4. Variation in wave parameters in time: (a) significant height 4σ and kurtosis m4; (b) period Tz; (c) dimensionless depth
parameter kh; (d) shallow-water nonlinearity parameter 2σ/k; and (e) steepness 2σk. The green dots form values from different
sensors; the black line is the result of averaging over the sensors. In the diagrams to the right, the probability density functions of
the corresponding quantities are constructed.
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h is only about 20%). Here, the wavenumber k is cal-
culated in terms of the dispersion relation for waves at
the depth h, reverting the theoretical formula of ω(k)
for the cyclic frequency ω = 2π/Tz:

(1)

The storm waves recorded in the middle of November
corresponded to conditions of shallow water kh ≈ 0.6,
as the major part of recorded waves, see the diagram in
the right-hand part of Fig. 4c. The second peak of the
most probable conditions in the diagram corresponds
to the dimensionless depth parameter kh ≈ 1.2. The
conditions of relatively deep water kh > 1.4 were
implemented during a short time.

Two estimates of wave nonlinearity are constructed
in Figs. 4d and 4e: the first one is defined as the ratio
of half the significant height to the depth Hs/(2h); the
second one is the estimate of the mean steepness of
waves kHs/2. The “shallow” nonlinearity of waves
during a storm reaches the value Hs/(2h) = 0.12; the
maximum steepness, slightly less than kHs/2 = 0.1.
These estimates correspond to conditions long before
the threshold of regular wave breaking (Holthuijsen,
2007). The constructed distributions qualitatively
resemble data for Hs (Fig. 4a); however, the sequence
in Fig. 4e exhibits, in particular, periods of records of
steep waves weakly discerned in Figs. 4a and 4d. In
addition, one may note in Fig. 4e a stronger skewness
of data for the storm interval: the peak in the record of
the steepest waves is before the peak of the most
intense waves (with respect to the parameter Hs of the
ratio of the wave amplitude to the depth Hs/(2h)).

In our works (Kokorina et al., 2022, Slunyaev
et al., 2023a), based on analysis of data of wave mea-
surements near Sakhalin Island, it was shown that the
probability distributions of intense wave heights
(H > Hs) were well described by the theoretical Glu-
khovsky distribution

(2)

which takes into account the finite depth effect in
terms of the nonlinearity parameter n; the fraction of
high waves decreases at a greater degree of nonlinear-
ity. The quantity  in formula (2) is the mean
height of waves. In the large depth limit n → 0, depen-
dence (2) is transformed into the Rayleigh distribu-
tion. The behavior of the kurtosis in Fig. 4a agrees with
these conclusions: the maximum value of nonlinearity
falls on the storm period and the kurtosis at this time
undergoes a noticeable decrease.

In Fig. 5, probability distributions for the abnormal
wave height H according to measurements from the
array and the theoretical Rayleigh and Glukhovsky
distributions are constructed. The method of deter-

( )tanh .gk khω =

( ) ( )
2

1
G( ) exp , ,

4 1
2

nH HP H n
n hH

−

 
 π= − = 

+ 
 π

= πσ2H
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mining the wave height (up or down zero-crossing)
has no effect on the result in this case. The theoretical
dependences were constructed using the definition of
the significant height as the mean of one third of maxi-
mally high waves in the sample, H1/3, similarly to (Slu-
nyaev et al., 2023a); in the limit of waves with the
Gaussian statistic with a narrow spectrum, H1/3 ≈
4.004σ and  (Massel, 1996). In Fig. 5a,
the probability distribution is constructed for the
whole measurement period. The heights were normal-
ized to local values of H1/3 in each 20-min sample; the
nonlinearity parameter n in the Glukhovsky distribu-
tion (2) was calculated in terms of averaged values of
the local significant height and local depth. In contrast
to result of the analysis of longer measurements in
(Kokorina et al., 2022; Slunyaev et al., 2023a), the
experimental curve constructed by data from the array
does not coincide with the Glukhovsky distribution; it
is located in the region H/H1/3 > 1, considerably lower
than the theoretical distribution. For H/H1/3 < 1, the
experimental curve is above the theoretical one, which
was also mentioned in (Kokorina et al., 2022).

Figure 5b presents the probability distributions
constructed by data of three samples composed by the
condition on the magnitude of the significant height:
less than 0.5 m, from 0.5 to 1 m, and more than 1 m.
The experimental distributions for two samples of
low-rise waves almost coincided, while the distribu-
tion for H1/3 ≥ 1 m (in fact, for storm waves in the mid-
dle of November) exhibits a significant difference: the
probability of waves that are high as compared to H1/3
considerably decreases for it, and the probability of
waves with a low height (on the order of 0.5 H1/3)
increases. The decrease in the probability of the
appearance of high waves during the recorded storm
agrees with the behavior of the kurtosis in Fig. 4a.
Such change in the probability distribution for nonlin-
ear waves at a shallow depth qualitatively corresponds
to the Glukhovsky distribution discussed above. In
Fig. 5b, Glukhovsky distributions (2) are constructed
with filling in different colors for the same three ranges
of H1/3. It is seen that the experimental data in the
region of waves that are large as compared to H1/3 are
significantly lower than the theoretical prediction, as
in the case of the distribution for the whole measure-
ment period in Fig. 5a. Using measurement data selec-
tion on the basis of magnitude of the nonlinear param-
eter H1/3/(2h) yielded a similar result. Thus, for data
from the array, no quantitative coincidence with the
Glukhovsky distribution was found.

3. COMPARISON OF DATA
FROM THREE SENSORS OF THE ARRAY

Since the distance between the sensors is small as
compared to the characteristic wavelength (for the
maximum value of the dimensionless depth kh = 1.7

= π 1/32 4H H
 Vol. 60  No. 6  2024
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Fig. 5. Exceedance probability distribution of wave height H (a) over all measurement data and (b) for three ranges of H1/3 (the
thick lines). Glukhovsky distributions (2) in panel (b) are constructed by filling for the corresponding ranges of H1/3. The theo-
retical Rayleigh distribution is constructed by the dashed line.
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and mean estimate of the place depth h = 11.5 m, the
wavelength is greater than 40 m), one may assume for
the statistical estimates that they record the same
sequence of waves. Three equivalent records can be
used for estimating the accuracy of measurements and
stability of the data averaging result from each of the
devices. The spread of values of key parameters in
results from different sensors comprised in the array
can be seen in Fig. 4—by the degree of the deviation of
green symbols from the mean value over the sensors
constructed by the black line.

The spread of root-mean-square shifts σ by data
from three devices relative to their mean value is pre-
sented in Fig. 6a. Each point in the plot reflects the rel-
ative deviation of the value for one of the devices (by dif-
ferent colors) from the mean in a 20-min sample. One
can see systematic discrepancy by ~2% in the first
approximately ten days of measurements; then, the dis-
crepancy becomes less regular and by the end of the
month seems to be fully chaotic within limits of 10%,
with the largest deviations corresponding to sensor B.

One may assume that the high statistical moment—
the kurtosis—should be the most sensitive to the
appearance of extreme values among the probabilistic
characteristics under consideration. The spread of
kurtosis values m4 in 20-min samples is constructed in
Fig. 6b. It is seen that the variability in the first days is
minimum and can be estimated as 2–3%. The spread
increases with time; after 500 h of measurements, it
becomes somewhat greater than 10%. Note that the
arrival of very high waves in the storm period of 600–
650 h does not lead to any noticeable increase in the
spread of values of m4.

The experimental probability distributions con-
structed in Fig. 5 for three different sensors almost
coincide.
IZVESTIYA, ATMOSPHER
To reconstruct the propagation direction of waves
and their spatial spectrum, it is important to syn-
chronize the measuring devices. The actual synchro-
nicity of the measurements was checked by tracking
the behavior of the maximum of the correlation func-
tion Rmn(τ) in time

(3)

for a pair of data series ηm(t) and ηn(t) from sensors m
and n. Here, integration over intervals of 20 min was
performed by summation of corresponding discrete val-
ues; delays τ were chosen with the same discretization.

An example of the behavior of the correlation func-
tion in the region near its maximum for sensors A and
B in the first three days is shown in Fig. 7, where the
color corresponds to values of R(τ). One can see con-
siderable (on the order of a second) instantaneous
shifts of maximums of the correlation function. They
began after 48 h of measurements and turned out to be
problems of technical character (missed measurement
instants). Comparison of data obtained from sensors A
and C did not reveal such synchronization errors, sug-
gesting that only the device B turned out to be dys-
functional. At a later stage, desynchronization of sen-
sor B increases and has a less regular character, which
makes it impossible to use data from the array for con-
structing spatial spectra of waves. That is why only the
measurements for the first two days are used for this
purpose. It is evident that accumulation of the relative
shift of time series from different sensors makes a con-
tribution to the difference of estimates of wave charac-
teristics by data from three devices and can explain the
increase in the spread of values observed in Fig. 6.
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( ) ( )
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Fig. 6. Spread of values of the (a) standard deviation and (b) kurtosis m4 according to measurements from three sensors relative
to the mean over the sensors.
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4. METHOD FOR RECONSTRUCTION 
OF DIRECTIONAL WAVE SPECTRA

Lengths of waves and directions of their motion in
this work are determined using the information about
delays of wave passage through the array sensors, fol-
lowing the known approach based on representation in
the form of a Fourier series (which is sometimes called
the Fourier directional method, (Young, 1994; Done-
lan et al., 1996)). We use the minimal configuration of
the array in the form of an equilateral triangle (Fig. 2)
with a side length Δl. The method presupposes that all
three sensors simultaneously record different phases of
the wave, which allows one to reconstruct information
IZVESTIYA, ATMOSPHERIC AND OCEANIC PHYSICS 
about surface waves not shorter than Δl (the wavenum-
ber is not greater than k = 4.2 rad/m). For the depth h =
11.5 ± 2 m, this corresponds to a frequency region not
higher than 1 Hz.

The surface displacement can be represented as a
sum of harmonic waves by a set of frequencies ω and
wave vectors k = (kx, ky):

(4)

where the vector x = (x, y) lies in a horizontal plane.
Each frequency ωj (which are discrete by virtue of
finiteness of the time series) is in correspondence with

( ) ( )( , ) , exp ,j j j j j
j

t A i t iη = ω ω −x k k x
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a unique set of values of the spectral amplitude Aj and
wavenumber kj determined by the delay of wave arrival
at different measurement points.

For any pair of measurement points (xm, ym) and
(xn, yn), the phase difference of the wave surface Δϕm–n
at an arbitrary time t can be written in the form

(5)

where , 
(hereinafter, we omit the subscript j). This quantity is
set equal to the difference of complex phases of Fou-
rier transforms for the signals ηm(t) and ηn(t) at the
given frequency ω: Δϕm–n = arg(Fm(ω)) – arg(Fn(ω)).
For unambiguity of the determination of the phase dif-
ference Δϕm–n, it is required to fulfill the abovemen-
tioned condition that the wave arriving at different sen-
sors must be the same (then the phase difference (5) at
the sensors does not exceed 2π). The wave vector com-
ponents (kx, ky) for each ω are found from the solu-
tion of a system of two algebraic equations of form (5)
with constant coefficients at the unknowns specified
by coordinates of the sensors and an inhomogeneous
part determined by the phase difference. In our case,
the pairs of array sensors A and B, as well as A and C
were used; then, the matrix system of equations takes
the form

(6)

and the solution can be written using the inverse
matrix of M:

(7)

For the array configuration presented in Fig. 2,
matrix M has the form

(8)

The Ox axis is supposed to be directed to the east; the
Oy axis, to the north (Fig. 2). For the wave vector
found in this way, the length k = |k| and direction spec-
ified by the angle θ with respect to the Ox axis are also
defined.

The spatial spectra were constructed using data
samples with a length of 512 s (the number of points in
the Fourier space N = 212) in 3-h intervals with over-
lapping of 50%. As a result, each discrete frequency
(the frequency resolution 1/512 s ≈ 2 × 10–3 Hz) is in
correspondence with an array of spectral amplitudes
with certain projections of the wave vector, modulus of
the wave vector, and angle which are accumulated in
discrete intervals of values (the bin sorting procedure).
The spectra of wavenumbers S(k), the spectral of
directional waves S(kx, ky), the angular spectra S(θ),

( ) ( ), , ,m n m m m n n nx y x y−Δϕ = ϕ − ϕ
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and the spatiotemporal spectra S(k, ω) which are con-
sidered below were constructed in this way. All these
functions have the meaning of spectral energy densities.

5. SPATIOTEMPORAL WAVE SPECTRA 
ACCORDING TO MEASUREMENT RESULTS

Examples of spectra S(k, ω), S(kx, ky), and S(k)
constructed over a three-hour data interval are shown
in Fig. 8. The line in the distribution of the spatio-
temporal spectrum (Fig. 8a) is constructed for the
theoretical curve of the dispersion relation for linear
waves (1) for averaged depth h = 11.5 m. The spectral
energy of instrumental data in Fig. 8a is located con-
siderably lower than the theoretical curve and has an
almost linear character of the dependence on the wav-
enumber. The spatial spectrum of directional waves
S(kx, ky) (Fig. 8b) is elongated along one direction (to
the northwest) with a little spread in directions. The
spectrum of wavenumbers (Fig. 8c) is concentrated
in the region of unrealistically short waves k =
0.15…0.3 rad/m (the wavelengths are 20–40 m).

The action of a f low can be a natural cause of a
strong change in the dispersion relation. For the case
of a homogeneous background flow U, expression (1)
is modified to the form

(9)

therefore, the frequency of waves propagating at a
small angle to the f low can considerably vary due to
the Doppler effect. Ignoring the background flow in
the process of spatial spectrum reconstruction can
lead to an incorrect estimate of the dominant wave
length and decrease in the spread of wave directions.
However, significant influence on the dispersion rela-
tion for waves with a characteristic speed (gh)1/2 ≈ 10 m/s
requires an unreally strong flow for the place of mea-
surements.

Nonsynchronism of measurements, when the
record on the sensors occurs with a time delay, can be
another cause of the discrepancy between recon-
structed and theoretical dispersion relations. It seems
to be impossible to distinguish the natural effect of the
flow from a technical problem of measurements with-
out additional data. As described in Section 3, analysis
of the behavior of correlation functions revealed accu-
mulated desynchronization of data records due to a
technical problem of sensor B; for this reason, the spa-
tial spectra were constructed using only the time inter-
val during first two days of measurements. At the same
time, the observed position of the correlation function
maximum in Fig. 7 goes beyond the expected position
even in the first 48 hours. For the estimate of the prop-
agation speed of long waves of 10 m/s, the wave passes
the distance between two array sensors during 0.14 s if
the discreteness of time data sequences is 0.125 s. It is
well seen in Fig. 7 that the correlation function maxi-
mum by the end of the second day of measurements

( )tanh ;gk khω = + kU
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Fig. 8. Wave spectra calculated from data of instrumental measurements over the 3-h interval on October 2022: (a) S(k, ω); the
line forms the theoretical dispersion relation (1); (b) S(kx, ky); and (c) S(k). The color in panels (a) and (b) marks decimal loga-
rithms of the normalized quantities, log10(S/max(S)).
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moves from zero (shown in the figure by the dashed
line) by an excessively large value on the order of 1 s.
For this reason, the spatial spectra discussed below
were constructed with introduced correction of the
reference time for the record from sensor B and a con-
stant correction to the sampling frequency of the sen-
sor. The correcting constants were chosen from the
principle of the best correspondence of the spatiotem-
poral spectrum S(k, ω) to theoretical dependence (1)
at the initial and final times of the 48-h record used.
The data from sensor B for the corrected frequency of
the device were recalculated for a frequency of 8 Hz
using cubic spline interpolation.

The spatiotemporal wave spectra constructed by
the corrected data are presented in Fig. 9 for four 3-h
intervals in the first two days of measurements. The
distribution of the spectral energy especially well cor-
responds to the theoretical dispersion relation in the
first day (Figs. 9a and 9b). In the end of the second
day, a significant deviation from the theoretical distri-
bution is observed; attempts to noticeable reduce it
using other choice of the shift of the time reference for
sensor B are unsuccessful. Apparently, a certain part in
the data deviation from the theoretical curve for the
dispersion relation was also played by f lows which
were not measured independently.
IZVESTIYA, ATMOSPHERIC AND OCEANIC PHYSICS 
Note that, as a result of correction of the time series
from sensor B, a larger relative width of the angular
spectra S(θ) is observed simultaneously with better
coincidence of the measurements with the dispersion
relation (1); the spectra are discussed in the next sec-
tion along with the picture of spatial spectra of direc-
tional waves.

In addition to energy regions with temporal and spa-
tial scales corresponding to wind waves coming from the
sea, one can distinguish in Fig. 9 low-frequency regions
containing a noticeable part of energy (especially in
Figs. 9a and 9b). An increase in the fraction of energy
falling on large-scale wave motions in the processed
data can be explained by the break of applicability con-
ditions for the hydrostatic theory. Within the framework
of the linear theory with allowance for dispersion, the
characteristic scale of wave attenuation with depth cor-
responds to the length of the wave; therefore, long waves
in the record of bottom pressure turn out to be effi-
ciently amplified as compared to short waves. We did
not reveal any manifestations of coupled nonlinear
wave components not obeying the dispersion relation
on spatiotemporal spectra, which is quite expectable
with allowance for small nonlinearity of waves in the
first two days of measurements and closeness of the
conditions to the shallow-water limit.
 Vol. 60  No. 6  2024
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Fig. 9. Spatiotemporal spectra S(k,ω) from corrected data for four 3-h time intervals in the first two days of measurements. The
color marks decimal logarithms of the normalized quantities, log10(S/max(S)); the theoretical dispersion relation (1) is con-
structed by the line.

Oct 20 0–3 h

0.20

0.20

0.15

0.15

0.10

0.10

0.05

0.050

f, 
H

z

k, rad/m

0

–0.5

–1.0

–1.5

–2.0

–2.5

–3.0

Oct 20 15–18 h

0.20

0.20

0.15

0.15

0.10

0.10

0.05

0.050

f, 
H

z

k, rad/m

0

–0.5

–1.0

–1.5

–2.0

–2.5

–3.0

Oct 21 21–24 h

0.20

0.20

0.15

0.15

0.10

0.10

0.05

0.050

f, 
H

z

k, rad/m

0

–0.5

–1.0

–1.5

–2.0

–2.5

–3.0

Oct 21 6–9 h

(a) (b)

(d)(c)

0.20

0.20

0.15

0.15

0.10

0.10

0.05

0.050

f, 
H

z

k, rad/m

0

–0.5

–1.0

–1.5

–2.0

–2.5

–3.0
The diagrams in Fig. 10 present the evolution of the
frequency spectrum of waves, as well as of the wave-
number spectrum (for corrected data) in the first two
days of measurements. The spectral amplitudes are
constructed in color in the linear scale. In the fre-
quency–time spectrum (Fig. 10a), one can mention
intervals with relatively intense peaks corresponding to
wave periods of about 10 s (at times of 5, 14, and 28 h).
Time intervals characterized by somewhat lower fre-
quencies are also present. One can see a decrease in
the frequency spectrum width by the end of the second
day. The picture of the evolution of the wavenumber
spectrum S(k) (Fig. 10b) in general agrees with the
evolution of the frequency spectrum but looks less
IZVESTIYA, ATMOSPHER
clearly. A slow shift of the spectrum peak to the region
of short waves is seen; however, by virtue of the per-
formed correction of the record on sensor B, this effect
can be an artifact of processing.

6. ANGULAR SPECTRA
OF MEASURED WAVES

Based on processed data of the first two days of
measurements, angular distributions of spectral den-
sity S(θ) were constructed. They turned out to have a
pronounced peak corresponding to the dominant
direction of wave motion, see the examples in Fig. 11
(the blue line). Using these distributions, the wave
IC AND OCEANIC PHYSICS  Vol. 60  No. 6  2024
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Fig. 10. Evolution of spectra of measured waves with respect to (a) frequencies and (b) wavenumbers in the first two days of mea-
surements (the color marks spectral amplitudes in a linear scale).
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Fig. 11. Angular distributions of the wave spectrum from measurement data (the blue line) and parameterization (10) (the red
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propagation direction as a function of time and the
characteristic width of the distributions S(θ) were
determined. The experimental distributions S(θ) were
compared with the theoretical parameterization cos2 :

(10)

The angle function D(χ) describes the distribution
of wave propagation directions relative to the domi-
nant direction. For the experimental data, the wave
propagation direction θmean was determined as the
“center of mass” of the periodic function S(θ) and the
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characteristic width of the angular spectrum 
was determined by the formula

(11)

which follows immediately from (10). Variation of
experimental values of the quantities θmean and 
in time is presented in Figs. 12a and 12b, respectively.
These quantities are used to compare experimental
data with the theoretical distribution (10) in Fig. 11
(the red line).
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Fig. 12. (a) Dominant direction of waves and (b) typical width of the angular spectrum  during two days of measurements.
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Fig. 13. Examples of directional wave spectra S(k, θ) for measurements in the first two days.
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As follows from Fig. 12a, the dominant direction of
wave propagation during the considered 48 hours
remained almost unchanged (to the southwest, which
agrees with the position of the coast line at the place of
measurements, see Fig. 1). The width of the angular
spectrum exhibits greater variability (Fig. 12b). In gen-
eral, it decreases during two days of observations; at
the same time, considerable oscillations are present in
the angle interval from 50° to 90°. A significant nar-
rowing of the spread in the directions of wave propaga-
tion is observed in time intervals of the formation of
more intense peaks in the frequency–time spectrum
in Fig. 10a. The choice of examples of distributions
S(θ) in Fig. 11 reflects the whole range of characteris-
tic widths of angular spectra (values of  deter-
mined by formula (11) are shown in the figure panels).
It is seen that parameterization (10) looks well corre-
sponding to full-scale data in all cases.

The directional wave spectra constructed in Fig. 13
yield more information about the wave energy distri-
bution. One wave system with a dominant direction
and period was observed in all examples of the distri-

2cosΔθ
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butions S(k, θ). The pronounced energy spots in the
region of very long waves (as in Fig. 13a) might be
related to the break of the hydrostatic approximation,
as discussed in Section 5.

7. INDEPENDENT ESTIMATE OF THE LOCAL 
DEPTHS OF THE MEASUREMENT POINT 

BY DATA OF THE FREQUENCY 
AND SPATIAL SPECTRA

Having estimates for widths of the frequency and
spatial wave spectra, one may try to estimate the local
depth of the measurement point. Indeed, dispersion
relation (1) connects the frequency spectrum and the
wavenumber spectrum, and this connection depends
on the dimensionless parameter kh. Determination of
relative widths of the frequency spectrum and wave-
number spectrum in terms of absolute values as δω =
Δω/ω and δk = Δk/k immediately yields an analytical
formula for the ratio of the widths:

(12)
( )

gr

ph

1 .
2 sinh 2k

ck kh
k c kh

ωδ Δω= ≈ = +
δ Δ ω
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Fig. 14. Dependence of kh on δω/δk according to relation-
ship (12).
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Here, cph and cgr are the characteristic phase and group
velocities determined using (1), respectively. For rela-
tion (12) to be valid, the spectra should be relatively
narrow. The quantity δω/δk as a function of kh mono-
tonically decreases from 1 in the shallow-water limit to
0.5 in the deep-water limit. This dependence is
smooth in the interval 0 < kh < 3 and can be used in
this interval of dimensionless depths for the determi-
nation of kh by the given ratio δω/δk after reversal of
relation (12), see Fig. 14.

To estimate relative widths of the spectra S(s) with
the spectral variable s, we use formulas based on the
standard deviation δs:

(13)

Here,  is the mean value of the spectral variable.
The relative widths of spectra for 3-h data samples

in the first two days of measurements are constructed
by symbols in Fig. 15a. It is seen that they rather well
fall on the straight line δω = 0.73δk (shown by the solid
green line) corresponding to the dimensionless depth
kh = 1.16. As judged by Fig. 4c, the parameter kh
determined by the initial data gradually increased in
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Fig. 15. (a) Interrelation of relative widths of the frequency and
bols). The dashed lines correspond to conditions δω = δk (above)
of the depth at the measurement point hsp by formula (12) (symb
intervals of records (the solid line).
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the first two days of measurements from 0.6 to 0.8. For
comparison, the deep- (top) and shallow-water (bot-
tom) limits are constructed in Fig. 15a by the dashed
lines.

The estimate of the absolute value of the depth
hsp = kh/  for the values of kh and  determined in
the way described above is constructed by symbols in
Fig. 15b as a function of time. In the same figure, the
depth h determined in terms of the mean displacement
in 20-min samples is constructed by the black line.
The result of the estimation may be called satisfactory
only in the second day. At this time, the spectrum
width, both in frequency and in wavenumbers (as well
as in angles, see Fig. 12b), turns out to be narrower,
which is favorable for the fulfillment of relation (12).

CONCLUSIONS

In this work, wind wave regimes in Mordvinova
Bay in the Sea of Okhotsk near the shore of Sakhalin
Island are studied based on measurement data on vari-
ations in the bottom pressure at a depth of about 11.5 m
by an array consisting of three sensors. The data array
corresponds to a month of continuous measurements
with a frequency of 8 Hz. The surface displacement is
reconstructed using the hydrostatic theory. The signif-
icant wave height was about 20 cm during the major
part of the measurement time; there was observed an
episode of a storm wave with a significant height of up
to 3 m. It is noted that the probability of the appear-
ance of high (as compared to the significant height)
waves decreases during a storm, which follows both
from the behavior of the fourth statistical moment (the
kurtosis) and from the constructed probability distri-
butions of wave heights. The latter qualitatively agree
with the theoretical Glukhovsky distribution but
exhibit a significant quantitative discrepancy. This con-
clusion differs from the result of processing of longer
measurements by individual sensors of the same con-
struction in the same region in 2012–2015 (Kokorina
et al., 2022; Slunyaev et al., 2023), where an excellent

k k
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quantitative coincidence with the Glukhovsky distribu-
tion was shown for data in the ice-free period in a
region of great height waves.

The spread of values of the second and fourth sta-
tistical moments determined by data from different
sensors comprised in the array is estimated as 2–3% in
the initial period of measurements. Then, the spread
increases, which might be related to an increase in the
delay of the data record by one of the sensors. To
reduce the negative effect of measurement desynchro-
nization, the spatial spectra were constructed only by
data for the first two days of measurements with a cor-
rection of the time series obtained from this sensor.

The time sequences of data from the distributed array
are used for reconstructing the spatial spectrum of direc-
tional waves and characteristics related to it, including
the spatiotemporal and angular spectra. It is likely that
such investigations of wind surface waves by bottom sta-
tions in the aspect of the measurement scheme are car-
ried out for the first time. During two days of measure-
ments by a synchronized array, one could observe angu-
lar spectrum distributions that are very close to the
popular parameterization cos2 (which is used, in partic-
ular, in our numerical calculations for large ensembles of
nonlinear irregular waves (Slunyaev and Kokorina,
2020)) with a typical width from 50° to 90°.

It is proposed to use the relation between widths of
the frequency and wavenumber spectra for estimating
the local depth of the measurement point, which is
theoretically supposed to allow one to determine the
dimensionless depth parameter kh in the range of 0 <
kh < 3. This method is applied to data of full-scale
measurements. The depth value reconstructed in this
way turned out to be varying and it can considerably
(up to by a factor of two) differ from the actual one.
However, the large error can be a consequence of
insufficiently well synchronization of the sensors and
low intensity of waves. The conclusion about accuracy
of depth reconstruction at the measurement point by
this method requires additional investigations.
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