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Abstract—The different cases of degenerate defect modes in one-dimensional photonic crystals with two
defect layers are studied. Degenerate defect modes occur when two or more defect modes merge at a given
wavelength in the photonic crystal reflection spectrum. Such defect modes have a variety of potential practi-
cal applications, including the increase of sensitivity in optical sensors. The appearance of each type of degen-
erate defect modes is determined by the structural features and parameters of the photonic crystal. For this
reason, we have derived analytical equations containing the photonic crystal parameters describing each type
of defect modes merging. Analytical expressions for the zero imaginary phase for any type of defect mode
merging have been also obtained. These general relationships can be used to simplify the modeling of one-
dimensional photonic crystals with two defect layers and for further analysis of degenerate defect modes.
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INTRODUCTION
The rapid development of optics and photonics in

recent years has led to more and more new research
into the use of different materials and advanced struc-
tures to control light and create various high-tech
devices. As a result, a number of interesting properties
of photonic crystals (PCs) have been discovered.
These structures are artificially created or self-orga-
nizing nanostructures with periodic refractive index
changes in one (1D PC), two (2D PC) or three (3D
PC) spatial dimensions [1, 2]. A well-known property
of such structures is their ability to control the light
passing through them, among other things, due to the
presence of so-called photonic bandgap (PBG),
which are wavelength ranges where light propagation
through PCs is impossible [3–5]. Many optical
devices have been developed that work thanks to the
presence of PBGs in PCs: these are multichannel opti-
cal switches [6], filters [7], optical differentiators [8]
and others. Violation of periodicity of 1D PCs by add-
ing one or more defect layers (DLs) allows to further
extend the range of applications of such structures.
This is made possible by the appearance of a narrow
defect mode (DM) within their PBG, which in 1D

PCs represents a resonant peak in the transmission
spectra. The number of DMs within the PBG is deter-
mined by the number of DLs in the structure of the
PC and their optical thicknesses. The parameters of
the DLs directly influence the position of the DMs in
the PC spectra, which is the basis for the operation of
1D PC-based sensors. Over the past few decades,
many different optical sensors based on 1D PCs with
DLs have been developed for a wide range of applica-
tions. These include gas sensors [9], sensors for refrac-
tive index of liquids [10], temperature sensors [11],
biochemical sensors [12] and sensors for the detection
of harmful viruses and bacteria in the human body
[13]. Additionally, many papers have been published
on the optimization of 1D PCs and their properties
[14–18].

Nevertheless, most researchers deal with PC struc-
tures containing only one DL. However, adding more
DLs allows to expand the application possibilities of
such PCs. One of the obvious applications of such
structures is their promising potential as optical filters
due to the possibility of independent manipulation of
two or more DMs by varying the number and thick-
ness of DLs in the PC structure [19] or tuning their
S340
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Fig. 1. Geometry of the problem using the example of a structure without MS (mirror symmetry) (AB|D1|AB|D2|AB). Here k0, kr,
kt are the wave vectors of the incident, reflected and transmitted waves, respectively.
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properties by an external (electric, magnetic, light,
mechanical, temperature, etc.) field, or by changing
their position in the PC layer. In addition, in [20, 21],
the advantages of 1D PCs with two DLs to create
ultrafast all-optical switching devices and broadband
energy localization under the action of elastic waves
have been shown. And in [22, 23], researchers have
demonstrated the promising potential of 1D PCs with
two DLs for creating temperature sensors and sensors
for biomedical applications.

There is a particular interest in the phenomenon of
DM merging in 1D PCs with two DLs. Such a struc-
ture can be considered as a coupled resonator system
with an exceptional point of degeneracy (EPD) [24].
At this point, for certain parameters of the structure, a
degenerate DM can arise. Other researchers have
shown that such a mode can have a number of inter-
esting properties, including increased sensitivity to
changes in system parameters and the achievement of
the gain enhancement in a Fabry–Pérot cavity
[25‒27]. Among others, in [28] the authors have
reviewed the opportunities offered by exceptional
point physics in photonics, discussed recent develop-
ments in theoretical and experimental research based
on photonic exceptional points, and examined future
opportunities in this field from basic science to applied
technology. However, the EPDs in 1D PCs with two
DLs are not well studied. For this reason, the present
work is dedicated to investigating the details of the
mode merging. This work is the second part of our
broad study and complements the conclusions we
obtained in [29]. In the present study, analytical equa-
tions describing each type of merging modes are
derived for the first time, and analytical conditions for
the merging of DMs in a 1D PC with two DLs are
BULLETIN OF THE RUSSIAN ACADEMY OF SCIENCES
expanded and supplemented. The obtained expres-
sions can be used in the future for a simplifying of
modeling of such structures with EPD, as well as for
an unambiguous search for the PC parameters at
which this phenomenon is observed.

THE MODEL OF 1D PC 
WITH TWO DEFECT LAYERS

Figure 1 shows a defected 1D binary PC which
consists of two DLs with refractive indices  and .
The thicknesses of the DLs (  and ) are stacked
sequentially between three PCs, which are made of 

 and  unit cells each and playing the role of mir-
rors. The unit cell consists of layer A with refractive
index  and thickness  and layer B with refractive
index  and thickness . For clarity we will assume
that  throughout the paper. The regions outside
the structure are filled with air ( ). Depending on
the order of alternation of layers and the arrangement
of DLs inside the PC, the structure will have one or
another type of symmetry and different properties.

For numerical modeling of electromagnetic radia-
tion propagation through a 1D PC with two DLs, we
used the well-known transfer-matrix method [30].
This method is based on the fact that for each PC layer
a transfer matrix , depending on the PC parame-
ters, is written:
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where ,  is the thickness of the

jth layer,  is the angle of refraction which is deter-

mined from Snell’s law as:   is the

refractive index of the external medium from where

the wave is incident,  is angle of incidence,

. Then the transfer matrix  of a PC con-

sisting of  layers can be obtained by multiplying the
transfer matrices of all layers:

(2)

The complex reflection amplitudes are given as:

(3)

where . And the corresponding reflection

coefficients are defined as: .

The DL transfer matrix without considering the
reflection from the boundaries will then take the fol-
lowing form:

(4)

where

(5)

 is the change of phase of the wave at a single pas-
sage through the DL. It should be noted that the phase
change will vary for each DL. Consequently, for two
DLs in the PC structure, we can express this as fol-

lows: ,  It follows that the

actual total phase is equal to  =

Below, we use the following notations: the coeffi-
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fect PC to the right  the second DL. Thus, the

transfer matrix of a PC with two DLs can be generally
represented as:

(6)

where ,  and  are the transfer matrices of

left, central and right mirror’ and   are
“inner” transfer matrices of first and second DLs.

TYPES OF DEGENERATE DEFECT MODES 
AND DERIVATION OF THE CONDITION 

FOR THE MERGE

In our previous work [29], we have obtained ana-
lytical expressions for determination of the wavelength
of DMs in 1D PCs with two DLs, and found two solu-
tions to the equation for the required total phase, each
of which can be compared to the behavior of each of
the two DMs arising in such structures. These solu-
tions are given by equation:

(7)

where .

Here , , .

These solutions for the DL phase are periodical in 

with the period 2π, and the integer number  can be

associated with the DM order [17]. So,  shows what

 should be equal to achieve zero reflection coeffi-
cients at a given wavelength and mirrors’ parameters.

Figure 2a shows the reflectance spectrum  of

1D PC with two DLs (black) obtained using the trans-
fer matrix method for the structure (AB|D1|BA|D2|AB)

and also spectra of  (red) and Im [ ]
(blue). In this structure and at these PC parameters
the merging of DMs is not observed.
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Fig. 2. Spectra of  (red),  (blue), and reflection spectrum  (black) for the structures

(a) (AB|D1|BA|D2|AB), (c) (AB|D1|AB|D2|BA), (e) (BA|D1|AB|D2|BA). Reflection spectrum  (black), spectra of function 

(green), function (blue) and function  (red) for the structures (b) (AB|D1|BA|D2|AB), (d) (AB|D1|AB|D2|BA), (f)

(BA|D1|AB|D2|BA). The parameters of the structures are (a, b) , , ,  nm,  nm,

, ; (c, d)   , ,  nm,  nm,  nm,

 ; (e, f)  , , , ,  nm,  nm, 

nm, . The normal incidence of light on the PC was considered. The dashed lines mark the PBG cen-

ter (this is the DM merging wavelength) and the boundaries of broadband merging.
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Let us simplify the Eq. (7):

(8)

This substitution leads to the following equation:

(9)

For DM merging, equality of the real parts of the
solution (9) is necessary. And for this it is necessary to
fulfil equality:

(10)

where .

Therefore

(11)

where . The general solution of equation (11)
with respect to  can be found, for example, graphi-
cally, and it is the following system:
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The function  depends on  and reflection coef-
ficients of each mirror in the 1D PC structure with two
DLs, and thus, using the system (12) it is possible to
select such PC parameters at which one or another
type of DM merging will be observed at a given wave-
length or in a particular wavelength range.

The system (12) in the limiting case corresponds to

the equation . It follows from (8) that . The
equation has been solved in [29]. There we have
obtained a condition on the touching of the phase
curves at which DMs merge:
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dence can characterize one or another type of DM

merging:

(14)

Thus, these two equations (  and ) are

essentially equivalent and describe from different sides

the phenomenon of EPD in 1D PC with two DLs. The

real part of the solution of  is responsible for 

and the imaginary part for . It can be shown that if

 at a given wavelength, then there is such a value

of  at which  at the same wavelength and DM

merging occurs.

Now, to expand the understanding of the DMs

merging we have analyzed various cases of DM merg-

ing in 1D PC with two DLs and identified the follow-

ing main types: (1) DM touching; (2) DM intersec-

tion; (3) perfect broadband merging; ( ) incomplete

broadband merging. Figures 2 and 3 show examples of

different types of DM merging on the reflectance

spectrum: touching (2b), intersection (2c), incom-

plete broadband merging (3a) and perfect broadband

merging (3b). The difference between incomplete and

perfect merging is that the total phase solutions only

coincide at one wavelength and diverge slightly in the

vicinity.

Also, Figs. 2 and 3 show the correspondence

between each type of DM merging (the corresponding

reflection spectrum (black) ), as well as the

absence of merging, and the wavelength dependence

of the function  (green), the function (blue),

and the function  (red). It can be said that for DM

merging at one wavelength or in a range of wavelengths

it is necessary that the condition  is fulfilled. It is

well seen that when there is no mode merging

(Figs. 2a, 2b),  is always less than unity,  is always

more than unity and  only in the center of the

PBG. For DM touching (Figs. 2c, 2d),  and  are

equal to unity only in the center of the PBG, and

 only in the center of the PBG. For DM

intersection (Figs. 2e, 2f),  is more than unity in the

region of the PBG center,  and  only in

the center of the PBG. For incomplete broadband

merging (Figs. 3a, 3b),  is more than unity,  is less

than unity in the region of the incomplete merging,

and  only in the PBG center. Finally, for per-

fect broadband merging (Figs. 3c, 3d),  is more than

unity,  is less than unity in the region of the broad-

band merging, and  over the whole wave-

length range. Thus, the behavior of these functions

determines each type of DM merging.
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Fig. 3. Spectra of  (red),  (blue), and reflection spectrum  (black) for the structures (a) AB|D1|AB|D2|BA

and (c) AB|D1B|AB|D2|BA. Reflection spectrum  (black), spectra of function  (green), function (blue) and function 

(red) for the structures (b) AB|D1|AB|D2|BA and (d) AB|D1B|AB|D2|BA. The parameters of the structures are (a, b) 

, , ,  nm,  nm,   nm, ; (c, d)

 , , ,  nm,  nm,   nm. The normal inci-

dence of light on the PC was considered. The dashed lines mark the PBG center (this is the DM merging wavelength) and the

boundaries of broadband merging.
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ANALYTICAL EQUATIONS 
FOR THE ZERO IMAGINARY PHASE 

FOR DM MERGING

In our previous paper [29], we have already shown
the influence of the imaginary part of the total phase
BULLETIN OF THE RUSSIAN ACADEMY OF SCIENCES
 from Eq. (7) on the DM amplitude in the

reflection spectrum of a 1D PC with two DLs. A high

value of the imaginary part of the total phase decreases

the DM amplitude. To achieve the maximum ampli-

tude of the DM, a zero value of the imaginary phase is

[ ]ϕIm m
: PHYSICS  Vol. 88  Suppl. 3  2024
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necessary in structures with real values of the refrac-
tive indices of the PC layers. We have obtained the fol-
lowing condition on the zero imaginary phase:

(15)

Now, we can simplify this condition for any type of
DM merging. Taking into account Eq. (8)

(16)

(17)

Therefore:

(18)

or equivalently

(19)

Using Eqs. (18) and (19), it is possible to select such
parameters of the PC structure at which the imaginary
total phase equals zero at the necessary wavelength for
any type of DM merging.

CONCLUSIONS

We have investigated and analyzed different types
of degenerate DMs arising in a system of two coupled
resonators comprised of a 1D PC with two DLs. A
total of four main types of DM merging have been
found: (1) DM touching; (2) DM intersection;
(3) perfect broadband merging; (4) incomplete broad-
band merging. We have obtained the analytical condi-
tion for the occurrence of each type of degenerate
DMs. Also, analytical conditions on the merging DMs
with zero value of the reflection coefficient were
obtained. Using these conditions, it is possible to find
such parameters of the PC at which the merging of
DMs is observed in the reflection spectrum. This
greatly simplifies the study of 1D PCs with two DLs
and opens new perspectives for the modeling and
analysis of degenerate DMs in such structures, as well
as the search for new effects.
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